1. Basic Math

1.1.3.2. Final Note
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1.1.4. MATH 147
1.1.4.1. Topics

e The real numbers

e Sequences and limits

e Logarithms, exponentials and other important functions
e Functions, limits and continuity

e Intermediate Value and Extreme Value Theorems

e Derivatives and curve sketching

e The Mean Value Theorem and applications

e Taylor’s theorem

1.1.5. MATH 237
1.1.5.1. Selected Proofs

Suppose f is in C! at d, then f is differentiable at d.

Proof
» (for n =2, but the proof is identical for any n.)
Denote the function by f(z,y), and the point d = (a,b).
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1. Basic Math

Our hypothesis: fy, f, both exist near (a,b) and are continuous at (a,b)
The linear approximation is

L(z,y) = f(d) + (Vf)(@)- (2 -d) = f(a,b) + fz(a,b)(x - a) + fy(a,b)(y - b)

We want to show

e L),
(@)~(ab) \/(x —a)? + (y - b)?

f(x,y) = L(z,y) = f(2,y) = f(a,b) = fu(a,b)(z - a) - fy(a,b)(y - b)
= f(@,y) - fa,y) + f(a,y) - f(a,b) —fo(a,b)(z - a) - fy(a,b)(y - b)

fa(zo,y)(z=a) by (2)  fy(a,y0)(y-b) by (3)

(1)
Consider the function

h(t) = f(t,y) on [a,z] (y is fixed )

R'(t) = fz(t,y). By hypothesis, f, exists near (a,b), so h is differentiable on [a.z] fo z close
to a.

Apply MVT to this situation: there exists xg between a and x such that

h(z)-h(a)=h(20)(z-a)

to t1 to to—t1
f(x,y)—f(a,y)=fx(m0,y)(w—a) (2)
Consider the function
k(s) = f(a,s) on [y,b] (a is fixed )

k'(s) = fy(a,s) exists near (a,b), so k is differentiable on [y,b] for y close to b.
Let s1 =y,s2 =b. Apply MVT, there exist yy between b and y such that

k(s0) = k(s1) = k' (yo)(s2 - 51)

fa,y) = f(a,b) = fy(a,40)(y = b) (3)

We’ve shown that: there exists xg between a and x and there exists yg between b and y such
that

flz.y) - Lzy) _ (@-a)[falzo,y) - fo(a,0)] (y = b)[fy(a,y0) - fy(a,b)]
V(@ —a)?+(y-b)? V(@ -a)?+(y-b)? V(@ —a)?+(y-b)?

We want to show this - 0 as (z,y) - (a,b).

|A+ B| <|A| +|B| also

|z —al <1 ly -] <1
V(z-a)?+(y-b)? V(z-a)?+(y-b)?
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Then
f(xay) B L([I},y)

V(z-a)?+(y-b)?

< |fz(x0,y) = fo(a, b)] +1fy(a,90) = fy(a,b)|

=0 as (z,y)—~>(a,b) -0 as (z,y)—(a,b)
since fz is continuous since fy is continuous
at (a,b) at (a7b)

So by Squeeze Theorem

f(xay) B L(J:‘,y)
V(@ =a)?+(y-b)?

(z,y)—(a,b)

So f is differentiable at (a,b)

Example Prove that / e d converges, and find the value V.
0

Proof
e 2 ©° 2
2N :/ e v dx :/ eV dy

>
4N? = /°° esza:/m enydy
_/00[/00 d:):]eydy
/ / e @+*) g4
:// e~ (@) g4
R2

0<r<oo
0<0<2r

27
/ / -’ rdrd&
_ 1 _.»2
=27T/ rdr—27r(——er)
o 2

Change to polar coordinates {

00
=7
0

Hence N =

|5

1.2. Algebra

1.2.1. other faculties’ algebra
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MATH 103 Introductory Algebra for Arts and Social Science
MATH 106 Applied Linear Algebra 1

MATH 114 Linear Algebra for Science

12

AR TH



