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0.1 Schedule change

e lectures

— Mon/Wed MC4063
— Thur RCH 103 10:30

e Office Hours MC 6132

— Wednesday, 4:30-5:30 p.m.
— Thursday 4:00-5:00 p.m.

e TUT Fri 3:30

— Friday Sept.14 Maple MC 3006
— After next week TUT MC 4063

e Tutor: M. C.1

— MC6501
— Office Hour: after Friday tut.

0.2 Maple

Quick note: File — New — Worksheet

1too harsh...
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Intro

1.1 Overview

In this course, we’ll use differential equations as mathematical models of physical systems.

Definition 1.1.1. A differential equations (DE) is a equation for an unknown function involving one or
more derivatives of the equation.

The unknown function is represented in terms of a dependent variable and the variables it depends on are
called independent variable(s).

Simple Example

unknown function y(z)
e y — dependent variable

e r — independent variable

W
) | R
W 76 variable

M veuriah o

Simple mathematical model Newton’s 2% law: ”the rate of change of momentum of an object is
equal to the sum of the forces acting on the object”.

Write this as a DE:
d(mv)

dt

=F (1.1)
e t - time

e m - mass of object
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e v - velocity of object

e | - Forces acting

If the mass of the object is constant, this becomes

dv

—=F 1.2
m— (1.2)

If we know m and F', this can be thought of as a DE for the unknown v(t), where v is dependent variable,
t is independent variable.

Example An object is thrown vertically upward with speed vg. If the mass of object is m, and the only
force acting is gravity, find the velocity of the object at any later time.

Solution Assumptions
1. only force acting is gravity
2. mass is constant
3. Assume object is close enough to the surface of earth that force of gravity is constant.

4. take upward as positive direction

Model: p
v
2o 1
mdt mg (1.3)
v(0) = vy (1.4)

where g is the gravitational acceleration.

e m - kg

e t-s

e v-m/s

e vy -m/s

e g=9.8m/s

Equations (3) - (4) can be solved to find v(t) = vy — gt.

Definition 1.1.2. An initial condition (IC) is an equation which gives the value of the dependent variable
for a specific value of the independent variable

Definition 1.1.3. An initial value problem (IVP) (abbr. learned from Jordan) is a differential equation
together with one or more initial conditions.

Key thing for us - how to solve a given IVP.
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When formulating mathematical models, it is important to be aware what physical quantities the
variables represent.

dv
Model: —_— =
ode def mg

kg x m/s® = kg-m/s?

Force = Force

Solution:

1.2 Fundamental Questions in the study of DEs

1. Does a solution to a given IVP exist? (existence)
2. Is there more than one solution? (uniqueness)

3. How do we find/approximate the solution? (Method)

Classification of DEs: See extra supplementary materials.

Most general, nt” order ODE:

H(xvyay/ay//7"' ,y(n)) =0 (1)

where H is a given function.
To solve (1) means to find the unknown function y(x).

More formally,

Definition 1.2.1. The function ¢(z) is a solution of (1) on the open interval I = {z € R:a < x < b} if
&, 8-, 0™ exist on I and

H(gjvyay/ay”7”'7y(n)):0 for 3,111‘61

The interval I is called the interval of existence (or domain of definition) of the solution.
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1
Example 3y = 3?2 It is easy to check that ¢(z) = 1 stisfies this DE where it is defined, i.e. on
x

(—o00,1) and (1, 00)
There are two solutions of the DE




First Order ODEs

2.1 Intro

Most general, first order ODE: H(z,y,y") =0
If H is linear as 3 this can be written

M(z,y) + Nz, )"

% =0 (2) (quasi-linear form)

Let D C R? be an open, connected, nonempty set. If N(x,y) # 0 on D then (2) can be written on D

as
% = f(x,y) (3)(Normal form or standard form)

d
Example Solve the DE d—y = cos(z)
x

Solution Integrate both sides of DE with respect to z

/% = /cos(a:)dx

y(x) = sin(x) + C
So for any constant C' the function y(x) = sin(x) + C, x € R is a solution of the DE.

Definition 2.1.1. A general solution of a first order ODE is a solution containing one arbitrary constant
that represents almost all the solutions of the DE.

In previous example y(z) = sin(z) + C is a general solution of the DE.

Definition 2.1.2. A particular solution of a first order ODE is a solution that contans no arbitrary
constant

When solving an IVP, we will look for the particular solution that satisfies the given initial condition.

d
Example Solve the IVP d—y = cos(z), y(m) =1
x
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Solution

General solution: y(z) = sin(z) + C

Initial condition: y(r) =1 = 1=sin(r)+ C = C=1
Solution of the IVP is y(z) =sin(z) + 1, z€R

Example Consider the IVP 2y’ =y, y(0)=5
It can be shown that a general solution for the DE is y(z) = Cz, =z €R
Apply IC, y(0) = 5. — Not possible to satisfy. No choice of C works.

Example Consider the IVP y' = 2z,/y, y(0) = 0. Can verify (see review assignment) that this has

two solutions. .

y(@) = 5o €R
y(x) =0,z € R
General solution for DE )
x

y(w) = (5 +0)?

(interval of existence depends on C)
How to predict if an IVP has a solution?
Theorem (Existence and Uniqueness Theorem)
d

Consider the IVP % = flz,y), ylxo)=yo (1)

Suppose the functions f and g—i are continuous on some rectangle R in the z-y plane containing the point
(20, Yo), then for some open interval I containing xo the IVP(1) has one and only one solution defined on I.

Seluwin ¥ 1)

i e
{— / ?\"«me)ldaép_

Y T e

3/6746’5

¢

<1
w }
~

Apply this to our examples.

1. f(x,y) = cos(x)

—— Both are continuous for all (z,y) € R?
d
The Existence and Uniqueness Theorem == can find a solution to d—y = cos(z), y(zo) = yo for
x

any (o, yo)
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d
2. xd—y =y = can’t apply the Theorem in this form. Rewrite this in the standard/normal form
x
dy _y
dr  x

— only defined on D = {(z,y) |x >0} or D={(z,y) |z <0}
Initial condition y(0) = 5. Sincef is not defined when = 0, Theorem doesn’t apply. No conclusion.

)—Qm\f
“25 =

— f, % are continuous on D = {(z,y) |y > 0}
Initial condition y(0) = 0 (problem)
Theorem doesn’t apply. No conclusion.

f(z,
of _
dy

DEs in examples 2 and 3 both have the solution y = 0,z € R

Such constant solutions are important in applications.

Definition 2.1.3. An equilibrium solution of an ODE is a solution where two dependent variable is
constant that is y(z) = K, « € R for some specific K € R

d
For the first order ODE d—y = f(z,y) y =k is an equilibrium solution if f(z,k) =0 VzeR
x

2.2 Slope Fields / Direction Fields

d
Can interpret d—y = f(z,y) geometrically.
x

For any given point (x,y) (where f(z,y) is defined), the DE tells us the slope of the solution passing
through (z,y) is f(z,y). Can use a computer to do this for many points and get an idea of what the
solution looks like qualitatively.

2.3 Solving First Order ODEs - Exactness

Recall the quasilinear form:

M(zy) + N y) L =0 ()

Suppose there is a function F(z,y) such that ‘?)—1; =M and %—Z =N

Then (1) can be written
OF OF dy

%+8ydm

From implicit differentiation, this is equivalent to

2 PGy = 0

This can be solved using FTC.
F(z,y(z)) =C

— defines y(x) implicitly as a function of x

From last class, M(z,y)+ N(x, y)% =0 (1)
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OF OF dy __
5ty =0 (2
= L[F =0

= F(z,y(z)) =C (3) — Defines y(x) implicitly

Definition 2.3.1. Any equation (1) which can be written in the from (2) for some function F(x,y) is
called an exact differential equation.
2 dy =0

Example cos(z)y® + 3sin(z)y* %
——— ——

M(z,y) N(zy)
%—5 =cos(z)y® =M
This equation is exact F(z,y) = sin(z)y?
G—I; =3sin(x)y® = N

DE is equivalent to - [sin(z)y*(z)] = 0
= sin(x)y3(x) = C — defines solutions implicitly
This can be verified by the following Theorem.

Theorem (Criteria for Exactness)
Suppose that the functions M (z,y) and N(x,y) are continuous and have continuous first order partial
derivatives in the open rectangle R: {(z,y)| a < < b, ¢ <y < d}. Then the DE (1) is exact in R if and

only if %—A; = 2 (4) at each point of R.

M =29 N=23F
. dz Oy
Idea of Proof Suppose (1) is exact = IF s. t. oM 0?F  oN . oF

oy ~— Oydz’ dx — Ozdy

i OF  9°F ; °F _ 9*F
By hypothesis, Jg0z > Doy are continuous on R = Byor = by — (4) holds

Suppose that (4) holds. Can use (4) to construct F. (see text chapter (6))

Examples Determine if the following DEs are exact.

Test % =9 — exact

ox
1. cos(z)y + 3sin(x) Z—z =0 %—M = cos(z) # % = 3cos(x) =—> Not exact
—— — Y
M N
3 4 dy _ OM _ ON _ 4.3
2. 4z y—l—xl‘v = =0 By = 5, =4v — Exact
M

By inspection, F(z,y) = zty
DE: L [2%y] =0

2 2 dy _ OM _ 9N _
3. 7 +y =0 By =5,=0 —> Exact
M N

Last example illustrates a whole set of exact DEs. Any DE of the form.

M(z)+ N (y)% =0 is exact where M, N and first partials are continuous
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Such DE’s are called separable. In normal/standard form they can be written

dy — M(x) _
=N g(x)h(y) = f(z,y)

where N(y) # 0

2.4 Solving Separable Equations

Example 1 x% =y Find a general solution in explicit from.

Solution Rewrite DE % =¥ (z#£0) DE is separable.

dr — =
Separate: %% =1 (z,y #0)
Integrate:
1d _ 1

f%dyzf%da: = Inly| =ln|z|+C
Take exponential of both sides:

elnlyl — eln |z|+C

ly = e

Depending on signs of x and y there are two cases:

y=e“z or y=—e%

Collect into one formula: y =¢éx  where ¢ = +e¢
This satisfies the DE for all x € R

12

Check for equilibrium (constant) solutions: y =0 =z €R (This is included in the general formula if

we allow C = 0)

Example Find a general solution of

Solution DE is separable.

1 dy
Separate: ﬁ@ =z (y#0)

Integrate

RHS should be > 0 since LHS is.
If C < 0, only defined for x > /—2C or x < —v/—2C

Simlify
2
X
y= (? +C)°
C>0,zeR

C<0xz>v—-2Corax<—v-2C

Check for equilibnom solutions: ~ Constants k such that 2 x vk =0,Y2 = k=0
Also have the solution y = 0,z € R
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Exercise: Verify that when C' < 0 the function y = (”2—2 +C)? only satisfies the DE if x > v/—2C or x <
—=2C

Example A motor boat is travelling in a straight line with speed 10m/s when the motor is turned off.
The water provides a resistive force which is proportional to the square of the velocity and acts in the
opposite direction. The mass of the boat and passengers is 1000kg. If after 1 second the speed is 9m/s,
when will the speed be 2m/s?

Solution Physical law - Newton’s second law
Variables:

t - time (s)
v -velocity (m/s)

Constants: mass -1000 kg
Assumptions

e positive direction is direction of initial velocity

e t = 0 when the motor is turned off

dv __
mE - Fresistance

Model: Newton’s 2¢ Law:
10004 = —kv?

Vo
_ &
rrg,s;qkwu—

Note:
e minus means force acts in opposite direction of velocity

e k > 0 proportionally constant

Initial condition: v(0) = 10
Other condition: v(1) =9
Solve the DE:

f/vzdv = Lalt
1000

kt
1000 +C

Apply initial condition: v(0) = 10, % =C
Implicit solution of IVP 1 = K. L
Use v(1) =9 %: 1530+T1()1:> Tkoo"'.?lo

. . 000,
Put into solution =95+ 10
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Solve for v: w(t) = t?TOg’ t>0

what makes sense for physical problem

Let ¢* be the time when v = 2m/s

90
*+9

ot =2 = 2= — " =136

The speed of the boat will be 2m/s 36 seconds after the motor is turned off.

2.5 Natural growth and decay

Many natural phenomena exhibit the following property
The time rate of change of some quantity is proportional to the quantity itself

d
Let y(t) be the quantity, ¢ be time, a model for this is d—z = a y (« - constant of proportionality)

Specific Examples

1. Let p(t) be the size of a population

t - time
%ZO&P

« positive or negative

2. Compound interest
A(t) - amount of money in investment
t - time (year)
Assuming - continuously compounded interest
dA
priakd A, r>0 - yearly interest rate
3. Application Clepsydra (water clock)
This is a device that measures time by the flow of water into or out of a container. We will develop
a model for this.
Consider a container with a hole at the bottom through which water flows.

) Y &)

W

Let y(t) be the height of the water at time ¢ and V() the corresponding volume. It can only be
shown that the speed of the water exiting the hole at time ¢ is v1/2gy(t) where

e g is gravitational acceleration

e /29y comes from Fluid Dynamics

e v accounts for friction in the hole 0<~y <1

Let a be the area of the hole at bottom.
By conservation of mass:
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rate of change of volume in tank = rate water leaves tank

d—v——a 2
g vy

or
d
% =—ky (1) Toricelli’s Law

Let A(h) be the cross sectional area of the container a height h from the bottom.

Y
Then the volume of water is V(y) = [ A(u)du
0

dV  dV dy dy
S 2V R A2
i aa Wy
So model (1) can be written
dy .
Aly)—= = —k/y — Nonlinear, separate DE for y(t)

dt

Example: Consider a container where the shape corresponds to the surface of revolution of a parabola,
y = az?(a > 0) rotated around the y-axis. If the initial height is vy, what time will it be empty?

a
R "
RN ‘j kst
. —
Aly) = ma®
_T
The model becomes i
T dy
Ty 0) =
X VY, y(0) = o
Yo ki 0=
dt Y, Yy = Yo
Equilibrium solution y(t) = 0,t € R
Solve the DE
dy -
y— = —k
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ApplyIC: y(0) =y = yf=C

2 - 2
Solution of IVP: §y3/2 = —kt+ gyg/Q (implicit form)

2_
y(t) = (s — FD*°
Container will be empty when y(t) =0
9 y3/2

t=
3k

2.6 Integrating Factors

Recall some examples:

d
¥ _ 0 —> Not exact

de d
3 2 ay
cos(x)y” + 3y sm(x)dx

cos(x)y + 3sin(zx)
=0 = Exact

Multiplying the first DE by y? makes it exact

The two DEs have the same general solution: y(x) = [Sin(z)]l/?’
d
Suppose the DE M(z,y) + N(x,y)d—y =0 (1)
x
d
is not exact but v(z,y)M(z,y) +v(z,y)N(z,y) dy =0 (2)
is exact. Then v(x,y) is called an integrating factor for (1)

Note: Every solution of (1) is a solution of (2) but (2) may have solutions which are not solutions of
(1). These are given by v(z,y(x)) =0

There is no general method for finding v(z,y).

Except in some special cases

(1) separable DEs

(2) DEs in the form: P(z)y+ 1 By _ =0
—— ~~dx
Y N
P(x) #0
%Ay/f P(x), 9N — 0 = Not exact

Suppose v(z) is an integrating factor.

Then .
v(z)P(2)y +v(z )ﬁ 0 is exact
—_—— —dr
M N
—t B ~
oxr _ on
oy Oz
v(z)P(z) % = A separable DE for v(z)

/dv /P

o o0 (z) = Kel Ple)de, K an arbitrary constant
usually we take K =1
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From last lecture P(z)y+ Z—y = 0 has integrating factor e/ P(*)dz
x
We can find the solution of the DE as

efP(w)de(x)y + efP(a:)de(x)@ -0

dx
d P(x)dx
dx [6f () 9( )] 0
ImphClt Differentiation

General Solution e/ 7@z P(z)y(z) = C, C an arbitrary constant.

Recall our general first order ODE H(z,y, %) =0

Definition A linear first order ODE is one where H is a linear function of y and g—g
Linear DE’s can always can be written in the form

Yt Py = Q) 1)

Example Find the solution of vy +2y=42%, y(-1)=2
Solution Rewrite the DE in standard form

2
y+-y=4z, x#0
x

2
P(x) = = Integrating factor

Multiply through the DE by v(x) = 22
:L'Zy’ + 22y = 423
d

—[?y(@)] = 42°

Product Rule + Implicit Differentiation

/ %[ny(x)}dx - / 1P da

22y(z) =2+ C

General Solution: y(z) =2® + =
x
Apply initial condition: y(-1)=2
2=14— = C=1
. . 9 1
IVP has a unique solution:  y(z) =2+ =, x<0
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Theorem (Existence and Uniqueness for Linear DEs)
Suppose the functions P(z) and Q(z) are continuous on the open interval I containing xg. Then, for any

Yo the initial value problem
dy

ar + P(z)y = Q(x), y(7o0) = Yo

Has a unique solution defined on I.
Proof Since P(z),Q(x) are continuous on I, so are
[ P(z)dz, wv(z)=elP@de  [y(2)Q(x)dx

And v(z) #0on I
We showed general solution of the DE is

y(@) = 255 + o [o(@)Qe)de

This is continuous on I, and satisfies DE.
For any x¢p € I  rewrite this as

y(@) = 1% + =& [ o(s)QUs)ds

Apply the IC:  y(z0) = yo

C _
i P Yyou(zo)
Thus there is a unique value of C' that satisfies the IC and hence a unique solution to the IVP. O

Applications Newton’s Law of Cooling/Heating
The rate of change of the temperature of an object is proportional to the difference between the temper-
ature of the object and the ambient temperature (surroundings).

Model
T: temperature of object
t: time
A(t): ambient temperature

ar
i K(A(t)—T) K > 0 constant

2.6.1 Tutorial 2

To get 100% on assignment

1. Answer all questions.

2. Theory reasoning must be based on exact Definitions and Theorems (Title # 1 page source)

Thm 1 (Uniqueness + Existence) p.26 + addit.

chapter 1.4
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# 12 ODE yy' = x(y? +1)

dy 2
- — 1
yoo =y +1)

Y _
/y2+1dy—/xdx
1
— f/d—u:/xdx
2 u

In|u| = 2%+ C

Substitute u = y% + 1, du =2y dy

2
eln\u| — et +C

2
u=-¢e" -e¢

Y +1=Ce"

Note that C is not the same in different equations...
y=+vCe®® -1
However, we need Ce*” — 1 > 0, so we must have restrictions on C'. To make it easier to write, we have

y=+Ver?+C 1, >0

IR

Immediately, we get x € (—o0, —4) U (4,400)  Since we need 3f(x)
This is IVP: ODE and IC (y(5) = 2)

Solving it we get: 32 =22 —164+C

Apply IC, we get: C =1

Y= 22 —-164+1, =>4
dy

30 —2)2 =4
# (5, =4

. dy 1
Taking square roots, i +2y2
y(z) = (x £ C)?, and we lose  y(z)=0
Given (a,b)

(a) solution doesn’t exist
(b) oo solutions (we can also have piecewise solution, but should be continuous)

(c) finite solutions

2.7 Application Cont’d

Application Mixture / compartment problems

Example A lake contains 10 m? of clean water when a factory starts dumping waste into a river that
feeds the lake at 50 m?/year. The concentration of pollution in the river is 1kg/m3. Another river drains
water from the lake at a rate 40 m?/year.

Find the amount of pollution in the lake at any time after the dumping starts.
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Model
e V: volume of the lake (m?)
e p: mass of pollution in the lake (kg)
e {: time (years)

Physical principle - conservation of mass
ok "
o’ | ord
Rver o]y LM jeOT
—

1 ,
"y | pLY)
\\ﬁlMB P ’\-//[.75)

Assume Lake is "well-mixed”, so p(t) same everywhere

rate rate
Rate of change of V' in time: water — water
m out
4¥ =50-40,  v(0) = 10* (1)
= Easily solved:  v(t) = 10t + 10*
rate rate
Rate of change of p in time = pollution — pollution
n out

= (rate water in) (concentration pollutions in) — (rate water out) (concentration pollution out)

dp p(t)
L _50.1-40- 2L
dt V(t)
Use the expression for V (t), and rearrange
dp 40 .
yr + ot 10t = 50 (Linear DE for p(t))
Initial condition: p(0) =0 (no pollution at start)
. . = dt [ —Adt _ 34
Integrating factor: v(t) = e’ 1010t = ed 1103 = = (¢t + 107)

Use v(t) to solve DE:
d
(t+ 103)4d—f 4t +10%)%p = 50(t + 103)

d
Zle+ 10%)"p] = 50(¢ + 103)*

Integrate wrt ¢
(t+10%)'p = 10(t + 103’ + C
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Apply IC, p(0) =0 = ---C = —106
Put this into solution, and simplify, we get

Amount of pollution at time t:
1016

_ 3\ _
p(t) = 10(¢ + 10°) TS

2.8 Solving DEs using a change of variables

Definition A homogeneous first order ODE is one that can be written in the form % =F(%)
This kind of DE can be solved using the following change of variables.
d d
Let U(I)ZM.Theny:mv, and =2 =+ 22
x dz dz

Putting this into (1)
d
vral = F(v)

dz
Fv) —
dv = M + A separable DE
dx x
d
Example Y 2E + LA
dx Yy T
Use the change of variables above: Yy =TV
G2
vtao =+t
v _2
de v

Solve as a separable DE
2
/ vdv= / —dx
x
2

%:21n|:c|+0:1n(x2)+0

Put v(z) = 42

x

&)

= ln(xz) +C = y? =227 ln(:cQ) +2Cx?

N =
HM‘@

Definition A Bernoulli Equation is a first order ODE that can be written in the form

Wy Py = Q)"
If n =0 or n =1, then DE is linear.
Ifn#0,1 use the change of variables: v(z) = [y(z)] ™
dv _ndy
dr (1—=n)y d
= (1 =n)y " [-P(z)y + Qz)y"]
=—(1—n)y'"Plz) + (1 - n)Q(x)
=—(1=n)P(x)v+ (1 -n)Q(x)
This is a linear DE for v(x)
dv

o+ A=mP@)r=(1-n)Q(x)

21
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Example YW _o? + J
d Yy T

d 1

A Zy = 2xy !

dr =z

Bernoulli DE with n = —1
Change of variables:

v—yl_(_l)—y2
W _, W
de ydm
dv 1
=2 —yl= . 2xy !
gy = =y 20y
2 4
= —y~ +4x
T
Then,
dv 2
o Zu=4
dx xv v

Exercise: Solve and show you get the same answer as before.

Solution: We can find that integrating factor is u(z) = %

Then we get
d. 1

4
dx [xQU(x)] 7z

v(x) = 41In(x)z? + Cx?

Since v(z) = y?, thus
y? = 42° In(x) + Cx?

2.9 Second order ODEs reducible to first order

Most general second order ODE:

H(z,y,y',y") =0 (1)
If the dependent variable is missing in (1) we have
H(z,y'y") =0 (2)

Can solve as follow:

Let y = v

then y" =
Putting these into (2) gives
H(z,v,0")=0 (5) — first order ODE forv

Can solve (5) for v and (3) for y

22
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1 /

Example zy’' =y

Note: /' means di
T

/ 1

Letv=1/, v =y

' =wv
dv
T =0
We have solved this before: v(z) = Cix
Now solve for y
y'=v
% =Cz

2
T
Just integrate wrt x y(x) = 01? + C2, x € R (two arbitrary constants)

If the independent variable is missing from (1) we have

H(y,y',y")=0 (6)

This may be solve via the change of varibles

W = oyt

Then P2 i d J
o By _dv dy _dv

V'~ a2 dy dx dyv (8)

Putting these into (6) gives

d
H(ym,vé) =0 (9)
First order ODE for v(y)
Solve (9) for v(y) and (7) for y(x)
Example w' =)
Let v(y) =y, v =y"
vd—v =v?
v, =

— separable DE for v(y)
Note this has solution v = 0,
For v #0 yg—; =
Solve this before: v(y) = Cyy

...(exercise) = y(x) = Cper®



Mathematical Models + Numerical Methods

3.1 Population Models

Let P(t) be the number of individuals in a population as a function of time (t).

dP
Basis model: g = birth rate — death rate

Simplest assumption: birth rate and death rates are proportional to the population size.

dP
dP . .
o (B-0)P — exponential growth or decay depending on whether 5 > d or § < §

More complicated model birth rate decreases with population size due to lack of resources

dP
i (Bo — B1P—=0)P Bo, B1, 6 >0
B
Rewrite:
dP

—— = (By — )P — pP?
o = Bo—0)P =5
If (Bo — &) > 0 this is called the Logistic Model and is usually written

dP
— =kP(M —P) k, M >0
dt

Note:

(1) if you apply the Existence and Uniqueness Theorem to this DE — guarantee a unique solution for
any IC P(to) = P()

(2) The DE has two equilibrium solutions

e P(t)=0, teR
e Pt)y=M, teR

24
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Solve the DE as a separable DE (it is also a Bernoulli DE)

/%:/kdt (P #0, P+ M)

P(t) _ CfekMt
M - P(t)

Using Partial Fractions:

(C arbitrary constant)
Initial conditions: P(0) = P = C= MP%OPO

Putting this into the solution and rearranging (exercise)

MP,

P(t) =
(® Py + (M — Py)e—kMt

Py=0 — Pt)=0,teR

— Ph=M — P({t)=MteR

Limiting behaviours:
=M

. . MPy
i P(t) = lim 2 — (M — Py)e—FMt

if Py >0

¥
a\\/} S

— — £
(P >0 fo<P<M
(<0 ifP>M
L <0 ifP<0

Interpretation If Py > 0, then the population tends toward M as t — oc.

M is called the carrying capacity of the population

3.1.1 Equilibrium solutions and stability
Focus on DE’s of the form 3’ = f(y) (autonomous DEs)

Equilibrium points: y(t) = K,t e R f(k)=0

Assume eg(1) with IC y(0) = yo has a unique solution.
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Definition An equilibrium solution of (1) is stable if for any € > 0 there is a § > 0 such that

lyo — k| <0 = |y(t) —k|<e Vt>0

otherwise it is unstable.

T T T 3y
t—-—/""—/——i

> ¢

An equilibrium solution of (1) is asymptotically stable if it is stable and there is 1 > 0 such that

Yo — k[ <n = lim y(t) =k
In logistic models:
e P(t) = M is asymptotically stable
e P(t) =0 is unstable

3.1.2 Logistic Growth with Harvesting
Example (Logistic Growth with Harvesting)

26

Consider a population of fish in a lake that obeys the logistic model. Suppose we wish to allow fishing at

a constant rate h. How should we choose h so that the population doesn’t go extinct?

Model
e P(t) - population at time ¢
e k. M - as in logistic model
e t =0 - when fishing start

e Py - population when fishing starts

dP

& —kP(M - P) — h

dt —_——— S~—~—
logistic growth  loss due to fishing
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Equilibrium solutions
EP(M —P)—h=0

h
—k[P? —MP+—]=0

k
M £ \/M? — 4k
pP= = My

2
Three cases:

e M? —4h/k > 0: two equilibrium solutions: 0 < M_ < M, < M
e M? —4h/k = 0: one equilibrium solution: P(t) = %
e M? — 4h/k < 0: no equilibrium solution

Case (1) Rewrite the model

dpP

— = k(P —M_)(My —P), P(0)=P

From the DE we can see:
4P <0 if P <M

>0 ifM_<P< M,

L <0 if P> M,

Can predict what solutions look like

/‘/\__ T ———

T~

v
(‘r

M, is (asymptotically) stable

Prediction: M. is unstable

Can show that the solution of the IVP is

P(t) =

My (Py— M_) — M_(Py — M, )e F(My—M-)t

(Py— M_) — (Py — M, )e *(My—M_)t

lim P(t) =M,  if Py> M_

t—o00

Can show solutions look as we predicted

27
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Interpretation
e 0 < Py < M_ : population — 0 in finite time
o M_ < Py < M, : population increases to M
e M, < Py : population decreases to M
To ensure population doesn’t go extinct, choose h so that
o M?2> %

[ ] M_SPO

3.1.3 Tutorial 3
Step 1 Standard form: y' + P(z)y = Q(x)

Step 2 p(z) = e/ P(@)dz

Step 3 p(x)y(x) = [pQ+C

In Section 1.5 DE

#7 2zy +y =10/ D:z2>0
We are going to divide both sides by 2z, (x # 0)
Check y=0. y(0) =0 = y=0

, 1 5
vt oo V=
xr xr
~~ ~—
P(z) Q(x)

y(x):B\/E—i-%, xo >0
O, 170:0

#? y +2zy =2 32/(0):2
plx)y=...=¢€"

- done with some substitution in integral

y(w) = § = Cem" ML y(g) = L — Se=’

2 2

‘Word Problem

translate translate .
Words " =" Math =" Words (answer in words)

e denote all variables and parameters, units

e DE

28
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#36

e { - time, min, ...
e x(t) - amount of salt in tank at time ¢, 1b
e 1) - amount of water in tank at time ¢

0 <t <60min
d
d%f: =ric; —roco  F(x,y)

.3
2 r=9
T —¢"
_ 1
(t) = (60 —t) + 060 — t)* "L 0=~

Find 2’ = 0,2"” < 0, and check endpoints

Newton’s Law of Cooling

% =kA-T)  T(0)=T
A(t) — 95 — 2001t
% + kT = (25 — 20" ')k
%[ektT] — 95kekt — 90k (k—0-1)t
(1) k=0.1
T(t) = 25 — 20kte ™~
(2) k#0.1

Cor 20 ke o
T(t) =25 k—O.l(e e )

3.2 Position and Velocity Problems

Air resistance A force that resists the motion of an object.
e Magnitude - proportional to a power of the speed
e Direction - opposite to the direction of the motion

If v is the velocity of an object

Fae — —klvlP ifv>0
AR klvP ifv<0

where k > 0, 1 < p < 2. k,p depends on the object.
Far = —kvju[P™!
p= 1 FAR = —kv

p=2 FAR: —kl]|1}|

Example An object is thrown downward form height yo with speed vg. The object encounters air
resistance proportional to the square of the speed. Find the velocity of the object.
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Solution Diagram of forces

— — ob Ject
(‘M Mw."\j done.

Assumptions
® [gravity is constant

e Up is the positive direction

Model
e v - velocity
e t - time
e m - mass of object
e ¢ - gravitational acceleration

e k£ > 0 - coefficient of A.R

Applying Newton’s 2°¢ Law m% = Fgravity + FARr
d
md—: = —mg — kv|v|
v(0) = —vg
Since object is falling, v < 0 = —v|v| = v?
d
md—;} = —mg + kv*
e . ko, mg _
Equilibrium solutions: —g+ —v* =0 = v =% 7 = +v
m
Rewrite the DE: = k0?2 —2%) =L —7)(v+7)
Relevant equilibrium solution is v(¢) = —7,t € R

v

_ \\
%>0 ifo<-7 " —
di <0 ifv>-v
Predict: v(t) = —7 is asymptotically stable
Solving the DE using partial fractions

Apply IC: v(0) = —vg S C = wtv
Solution for velocity:

30

where C is arbitrary
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N Y
fim ===y

After a long time the velocity is effectively constant the value —/%¢ is called the terminal velocity

3.2.1 Newton’s Law of Gravitation

In previous examples, we used Fgravity = mg. This is an approximation of a more general law.

Two objects of masses my and mo, separated by distance r. For motion in one dimension:

mims
r2

‘Fgravity‘ =G

where G = 6.674 x 10_111%‘;
For an object of mass m, a distance y above the surface of the earth

mims

|Fravi |:G7
gravity (R+y)2

where M = mass of earth = 5.972 x 10**kg R = radius of earth = 6.371 x 10%m

[

If y is small

Mm Mm Gm
T RN ]
~—

g

Example A projectile is fixed vertically upward with velocity vy from the surface of the earth. Assuming
gravity is the only force acting, but taking into account the variation of this force with distance, find the
velocity.

Solution Diagram of forces \LF
g

ravity
Assume up is positive direction

e v - velocity of object

e { - time

e y - position of object above surface of earth

e g - initial velocity

e m - mass of object

e M - mass of earth

e R - radius of earth

e (G - universal gravitational constant
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Apply Newton’s 2°¢ Law: Mm% = Fyravity

dv GMm

a T TRy

Initial conditions: v(0) = vy y(0)=0

Ldv GM
DE: 3 = ~mrp
2 2
Let 7(t) = R+ y(t), %’:%:%
d*r _ GM
a2 r?
RHS doesn’t depend on ¢: Think of v as a function of r
dr d?r dv dr dv
Letv=0, @=a @& =Ya
dv GM
vV— = ———
dr r2
Separable DE: %7}2 = % +C
Initial condition: t =0:v =29,y =0 =— r=R V(r=R) = Vo
1 GM 1 GM
1 1
2 2
= 2GM (- — =
() = +26M( - 3)
We take positive sign as object moving upward
v(r) = \/1)2 JrQGM(1 — l)
0 r R

What is the interval of existence? Need v + 2GM (+ — %) > 0
Two possibilities:

(1) v%—QGTM<O

r< = Tmax = v§ +2GM(L - £)>0

2
_ Rog
2GM

Mathematically, the solution is defined for 0 < 7 < rpax
Physically, the solution is defined for R < 7 < Tpax

1

(2) v3 — 2¢M > 0. Then v3 +2GM (% — %) > 0 for r >0
Mathematically, the solution is defined for 0 < r
Physically, the solution is defined for R < r

Interpretation

(1) v(r) = 0 as 7 = rmax
Velocity goes to zero at maximum height
TO continue the solution, think about using solution with —, /==

(2) v(r) > 0 no matter how big r is.
Observe ”escapes” from the earth’s gravity. The minimum initial velocity needed to achieve this is

vy = % —— called the escape velocity

In either case, we can use the solution to define IVP for the position

dr
pi ’U\(Q , r(0)=R

solution found above
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3.3 Numerical Approximation of Solutions of DEs

So far - only considered DE’s where we can write the solution in terms of elementary functions. (powers,
trig functions, exp)
This is not always the case.

2 .
Example % =e 7 - Linear, separable.

Has an unique solution for any IC y(xg) = yo. Can’t express solution in terms of elementary function

xT

y(z) = yo —|—/ et dt
x

0

More generally, suppose we want to approximate the solution of

dy

p f(z,y), y(zo0) = Yo (1)

Recall The tangent line (linear) approximation for y(z) at the point (zq, yo)
_ Tonyenk (e
Vit £
| Y (x)
Yol

o t —> X
Xo

y(x) = y(zo) + ¢/ (o) (x — z0)
good approximation if z is close to xg
Here y(z) is unknown but y'(z) is known from the DE.

Euler’s Idea Use the tangent line approximation iteratively to approximate the solution of (1) at some
particular values of x

From last class: tangent line approximation to y(x) at (2o, yo)
y() = y(zo) + 4/ (o) (x — o)
Euler’s Method Use this to approximate solution of

[ L |

\ 2 _7(45[:_ A
e
Y~ fey) ylwo) e
— = f(z xg) =
dz Y Y\Zo Yo
Look at solution at set of values for = : x,, = zg+nh, n=1,2,... h is the step size.

For xg < x < x1, use the tangent line approximation at (g, yo)

y(x) = yo + f(z0,%0)(x — z0)
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Atz =1, y(x1) = yo + f(wo,v0)(x1 — o) = yo + hf(z0,90) = 1
Use this to generate new approximation for x1 < x < x5

y1(z) =y + f(@1, 1) (@ — 21)

Summary Euler Method Algorithm
1. (Discretization) Choose step size h. Let x, = g + nh, n=0,1,... (grid points)

2. (Approximation) Approximate y(t) at grid points
Y(Tnt1) B Ynt1 = Yn + f (@0, yn)
3. (Interpolation) Approximate y(x) between grid points
y(@) R yn + (¢ — zn) f(@n,yn), n=0,1,... Tp <x<Tpp

Example % =z+1y, y(0)=-3

Find approximation of solution using Euler Method for 0 <z <5

Solution Setup : o =0,y = -3
Ty = xg +nh = nh, n=20,1,...
Ynt+1 = Yn + hf(@n, yn)
= Yn + hlzn + %yn]

Take h =1, r,=n, n=0,1,23,4,5

.’E():O, y0:_3

1
z1 =1, Y1 Zyo+[$o+gyo]

:—3+[0—§]

=-3.6

1
Ty =2, Y2 = Y1 + [11 +gy1]

3.6
=-36+4+0——
+0- 3]

=-3.32

3.3.1 Sources of error in Euler’s Method

B MR — 'l - L

U""t\ o
Yn |- f;ﬂﬂ"“

y(xn+1) R Yn + hf(fn, yn)
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@ Error due to direct approximation

@ Error due to the fact that y(x,) = yn

Can show (see AMATH 332) the error in solving y' = f(z,9);y(zn) = yn, for a < x < b satisfies
lyn — y(xn)| < ch for all n.

¢ depend on f, and [a, b)

One way to reduce error: make h smaller.
Another way: improve the approximation step.

Idea Instead of using one point of y(z) in approximation use two points.

l
Yurti I A..

Jin [l /1I \ W['}l’)

|. o |
‘ n AL

h
Yn+1 = Yn + 5 [f(xna yn) + f(xn-i-lvyn-‘rl)]

Problem: y,,+1 on both sides of equation

Solution approximate y,+1 on RHS using Euler’'s Method

3.3.2 Improved Euler Method
1. Discretization: As for Euler Method

2. Approximation:
Y(Tny1) ® Ynt1  where

ki = f(@n,yn)
Unt1 = Yn + hk1
k2 = f(Tni1; tng1)
Ynt1 = Yn + g[lﬁ + ko]
textbook P199
Can show error in Improved Euler satisfies
ly(an) — @n| < eh?

¢ depend on f, and interval where solution approximates

3.3.3 Tutorial 4
1. IVP # DE
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Method 1 Separable
dP
[ str=r =+ @
P

1 d dP

M(/P+ M_P)Zk/dt
1
M

(In|P| — In|M — P|) = kt + Co

eln l+~5 | _ ekMt+MCo

!

op-c ¢ C = M

= general solution (with IC) P(0) = P,

MP,

PO = 5= pye o

~~
2. 4L +k P* =kMP
New function:

o(t) = PN =p!

d 1 dP
dit’ =5 = —kMP ' +k
d
d: — _kMuv+k
M(t) _ ekMt
d

- [eFMty] = kekMt

1
u(t) = i + Ce kM

3. 42— (z—2)?

4G =—g(1+ 2 y(0)=yo

dv 9
e g— o
dt g—p

Integrate to obtain

cos (C’ — \/@)

1
t) = -1
y(t) y0+pn cosC

5. Exact DE
DF(z,y) = Fydx + Fydy

DF(z,y) = 0| Solution = F(z,y) = C
check Fpdx + Fydy =0 <= F,, =F,, <= N, =M, = 3IF(z,y)

F(x,y) = /de:x +f(y)
To find f(y), use F, = M

solution for IVP

36

§2.2 # 7, figure 2.2.9

§2.3 #14
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3.4 (Advanced Topic)

Proof of Existence and Uniqueness Theorem: Text Reference - Appendix A

Existence and Uniqueness Theorem
Suppose f(z,y) and g—i are continuous on a rectangle R = {(z,y)la < z < b,c < y < d} such that

(z0,y0) € R.
Then there is an open interval I with 29 € I C (a,b) such that

dy _

dz - f(xvy)a y(‘TO) =Y (1)

has a unique solution defined on I.

Lemma Let f(z,y) be continuous on R as in Existence and Uniqueness Theorem and I be an open
interval containing zg. y(z) is a solution of (1) if and only if y(z) is an continuous function satisfying

mm=m+/%fwmmﬁ @)

Proof
(1) = (2) Since y(z) is a solution of (1) on I, it is continuous on I, hence f(z,y(z)) is a continuous

function of = on I. Then by FTC the function F(z) = / ft,yt))dt satisfies € = f(z,y(z))

Thus F and y are both antiderivative of f(x,y(z)), soothey must differ at most by a constant:
y(z) = Fz) +C
Using y(xo) = yo, and F(z9) =0 we have C = yjg.

y@%:/mf@wﬁﬂﬁ+yo

(2) = (1) Suppose y(x) is a continuous function satisfying (2) on I. Then by FTC we have

@ W e y@)onl

dx
Also
I O
= yo
These two (a) (b) implies y(x) satisfies (1) on I. O

3.4.1 Method of Proof of Existence and Uniqueness Theorem due to Emile
Picard (1856-1941)

1. Find a sequence of functions {y,(z)},-, that approximate a solution of (2)

2. Show the sequence converges

w

. Show the limit of the sequence satisfies eq.(2)

4. Show this is the only solution of (2)
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Outline of steps (1) - (3)

1. Use
yo(x) = Yo, € (a7b)
y1(z) = yo +/ f(t, yo)dt
zo
x
wl)=w+ [ It
Zo
In general

(@) =+ [ " F (b s (1))

This is called Picard Iteration or Method of Successive Approximations
Can show that all the y,(z) are continuous on some Iy C (a,b)

2. Show that there is an interval Iy C Iy with o € I; such that lim y,(z) = ¢(z) uniquely on I
n— oo
That is, given € > 0 there is NV > 0 such that

n>N = |yn(z) —¢(z)| <e  Vzel

3. Show that there exists I C Iy with zg € I such that

/” ft,yn(t))dt converges uniformly to / f(t,o(t))dt on T
o) Zo

Then we have

lim y, (z) = lim yo + lim /wo f(t yn—1(x))dt

n— oo

6@ =0+ [ Fitola)ds
Thus ¢(x) is a solution of (1) by the Lemma.

Example % =ycosz, y(0)=wo

flz,y) = yeosz fy are continuous on R?
We will work through the steps of the proof for this problem

1. Method of Successive Approximations

Yn(T) = Yo +/ Yn—1(t) cost dt
0

Yo(x) =yo,x €R

x
y1(z) = yo +/ yocost dt = yo(l +sinz),z € R
0

x T
yg(x):yOJr/ Y1 cost dt:yoJr/ yo(1 + sint) cost dt
0 0

1
ya2(2) = yo(1 +sinz + 3 sin? 7)

Can show by induction
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n .
2. Note that > S”‘k# is the n'" partial sum of the series

k=0
= sin® z
k!
k=0
The terms in the series satisfy
-k
sin® x 1

and Y27, % is a convergent series of real numbers. It follows (by the Comparison Test) the series

Yorco Si‘,‘j’” converges uniformly = {y,(x)}22,
3. Let lim y,(x) = ¢(x)
n—oo
Show that ¢(z) is a solution of the DE
e Show that / yn(x) cost dt converges uniformly
0
Let a > 0. Given € > 0, there is N > 0 such that
€
n>N = |y,(z) — ¢(z)] < o Ve € R

Let I = (—a,«) and assume x € I,z > 0,n > N
Then

/'"” Yn(t) cost dt — /T P(t) cost dt’ =
0 0

/0 “lun(t) — 6(t)] cost dt

x

< [ Ay (@) = &(8)] - [cost]dt

Can do a similar analysis for z < 0

Conclusion

/ Yn(t) cost dt — / o(x) cost dt
0 0

uniformly on I = (-, )
Take limits in approximation scheme

x

lim y,(x) = 1i_>m yo + lim Yn—1(t) cost dt

n—roo n—oo

o(x) = yo + /Ow ¢(t) cost dt

= ¢(x) is a solution of the IVP by Lemma from last class

3.4.2 Tutorial

Sec 2.5 #7 oy = -32%y,y(0)=3 y= 3¢~ calculate error
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Method Improved Euler
e predictor (1st Euler)

e corrector

Text: 499, Appendix Ex.2
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Dimensional Analysis

Not in textbook... See notes posted on Course webpage.

When formulating and solving models of physical systems, we need to know the dimensions of the
physical quantities in the model, i.e. what the quantity represents physically.
(Linked to the units - an abstract way of representing this information)

Fundamental Physical Quantities
e mass - dimensions denoted M.}
e length - dimensions denoted .
e time - dimensions denoted T
e [ ] - to mean the dimensions of

Let y be the position of an object and ¢ be time

Fundamental Principles
1. One can only add, subtract or equate physical quantities with the same physical dimensions

2. Quantities with different dimensions may be combined by multiplication with dimensions given by

Al _ [A4]
AB] = [A][B], {] =
4B =418l |5| =5
Example Falling body with air resistance
dv
My =mg — kv

Find the dimensions of the constant k

Principle 1 [m%] = [mg] = [kv]

1T will match the fonts posted on learn later on, which is \mathcal
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Principle 2 [m] [£] = [m][g] = [k][v]

Dimensionless variables

Are variables formed by rescaling each physical variable by a combination of constants with the same
dimensions
Procedure

1. Find dimensions of all variables and constants

2. For each variable find a combination of constants with the same dimensions

3. Define new variables by dividing the physical variables by the corresponding combination of con-
stants

Example Logistic growth model

C;—Z; =kP(M —P), P0)=Ph

1. e Dimensions of variables
[P] =P (population size)
[t]=1

e Dimensions of constants

[M]="P
[Po] =P
Use analysis as in previous example to find
dP 1 2 —1,_-1
oy =[kPM] = Pt =[k|P* = [k]=P 't

2. Both M and P, have same dimensions as P

MM] - [/chM] - (P*liw -

[y = — = g =1 — dimensionless

Make the change of variables in the model
LHS: P d d drd d
= _Z W 8Ty g2, Y
g~ a My = Mgy = Mg = Mk
RHS:
kEP(M — P) = kMy(M — My) = kM?y(1 —y)

Put together LHS = RHS

dy dy

kMZE =kM?*y(1—y) = - =vl-y),  y(0)=w
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where yg = %
Yo

Solution for y(7). THN=—
u(r) u(r) Yo+ (1 —yo)e ™

plot of solutions:

'\Z_

Important constant for determining the behaviour is yg = %

4.1 Buckingham-m Theorem

Let {Q1,Qx2,...,Qn} be the set of all physical quantities (variables and constants) relevant to a particular
problem. Suppose there is one and only one dimensionally homogeneous relationship between the @;:

satisfies property 1

Qn = f(Q1,Q2,...,Qn-1) (4.1)

where f is continuous and differentiable with respect to its variables.
Suppose there are r independent fundamental physical dimensions in the system. Then (4.1) is equiv-
alent to

Tk = h(my, mo, ..o Th—1) (4.2)
where k = n —r and each 7; is a dimensionless quantity of the form

;= Q17 Q57 ... Q% (4.3)
Proof see online notes. Relies on linear algebra 0

Example Falling body with air resistance. (air resistance proportional to velocity)
Physical quantities: t,v,m,vg, g,k

Fundamental dimensions: 7, L, M

Possible dimensionless quantities:
T =t u*2mByytg*o ke
Take dimensions of both sides, assume 7 is dimensionless
(7] =[] [0]*2[m]** [wo] ** [g]** [K] *°
L= T (LT H =M (LT 1) (LT )" (MT )

Collet terms
TOEOMO _ Tal—ag—a4—2a5—a5£a2+a4+a5Ma3+a5

Equate powers
(11—@2—(14—2(15—&6:0
as + a4 +a5 =0
a3+ ag =0
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Rewrite in matrix form

a1
1 -1 0 -1 -2 -1 as 0
0 1 0 1 1 0 .1 =10
0 0 1 0 0 1 : 0
ag

The matrix has rank 3 (3 linearly independent columns). There are 4 linear independent solutions of
the problem.
Solve for 3 of the A; in terms of the others

a3z = —Aag
a2 = —0a4 — a5

a1 = as + aq + 2as5 + ag = a5 + ag
Put this back into the expression for 7

=t v®2mByytg*o ke

— 95106, —a4—05,, — 06 U84g“5 a6

vo\e [(gt\* [kt
- (?) v m
where a4, a5, ag are arbitrary

Can choose values of a4, a5, ag to get dimensionless quantities

ag =—1,a5 =0,a6 =0 71 = = — dimensionless for v
) ) o
@ a4 =0,a5 =0,a6 =1 Ty = % — dimensionless for ¢
as=—1,a5 =1,a6 = —1 m3 = 24 — dimensionless for constant
) ) Vo

The m—Theorem tells us the relationship v = f(t, m, g, k,vo) is equivalent to
m™ = h(7r2, 7T3)

We can use the dimensionless variables to rewrite the model

dv
m- = mg — kv, v(0) = vy
dv k
T =970 v(0) = vy
Let w= 2, 1= % Make the change of variables: (Exercise)

dw mg
—=7_ 0)=1
el O

—~

A

Solving the IVP for w gives
w(t)=A+(1—-Ne "

w(T) > Aas T — 00
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4.2 Pendulum

Example Dimensional Analysis of a pendulum
Consider the motion of an object of mass m attached to a thin (massless) rod of length I. Let 6y be the
initial angle the mass makes with the vertical. Assuming no friction at the pivot and no air resistances,
the only force acting is gravity. In this (idealized) situation, the object will move back and forth with
constant period, P. We will use the m—Theorem to deduce a relationship between P and the physical
constants.

Ao

|
3 Assume that

P:f(007m7lvg) (*)
AN
l‘.}
G . . . . . ; [s] L
. Note that  measured in radius is dimensionless. 6 = = 0] = W=z~ 1

Form a dimensionless quantity
T = P" 982 ma3 [ ga5

Take dimensions:

[r] = [P]"*[0o]**[m]"*[I]**[g]"*

1= Tal 1a2Ma3£a4 (ET—Q)a5
Equate powers

M07-0£0 _ Ta172a5Ma3£a4+a5
a; — 2a5 =0

as = 0
as+as =0
a
1 0 0 0 =2| |a 0
= |0 01 0 O as| = |0
0 001 1 a4 0
rank 3 as
Matrix has rank 3 = Expect 5 — 3 = 2 linearly independent dimensionless quantities
az = 0
Solving system ¢ a; = 2as5 asg is arbitrary
a4y = —as
P2g\*
— P2a59a2m01—a5 as _ eag
" ! s ( l )
Solution
0a2:1,a5:0 7T1:90

1
e az =0,a5 =3 ﬂgzP\/g

m—Theorem tells us (x) is equivalent to my = h(m)

P\/? = h(90) — P = \/gh(eo)
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Conclusions
e P doesn’t depend on m

e P does depend on 6

e P is proportional to é

4.2.1 Tutorial
1. The Schacfer model (fisheries):

(a) Population obeys logistic, i.e. without fishing.
(b) with fishing added, amount of caught ~ (proportion to) P

%:k(M—P)—hP, P(0) =Py
M,k,h>0
dy
T 1-y)—Xy, y(0)=1yo

2. Moon: around Earth, period T'.
Assume T depends on M (earth), m (moon), r, G.

T=f(M,m,rQG)
=T M*2m*3re1Ges

TOMOEO _ Ta1—2a5Ma2+a3—a5 £a4+3a5

IMG m
1 :T 7“73((11 = 1,&3 :0) T = M(al :0,(13 = 1)

Then ...
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Linear Equations of Higher Order

Most general n*® order ODE

G(m,y’,y”,...,y(")) =0 (5.1)
where 3’ = g—g, oy = g;f{
Example 9" =sinz
Solve by integrating twice
Py dy .
— =sinx = — = —cosz+(C; = y= —sinzx + Crz + Cs
dz? dx

Solution has two arbitrary constants

Definition A general solution of (5.1) is a solution containing n arbitrary constants that represents
almost all solutions of (5.1)

A particular solution is a solution of (5.1) with no arbitrary constants . One way to determine a
particular solution from a general solution is to specify n conditions the solution must satisfy.

There can be many ways to do this.

Example 3"’ =sinx = y(z) = —sinz + C1z + Cy
specify conditions to determine Cy, Cy

@ Specify values of y and y' at one value of x

@ Specify values of y and/or y" at two values of x
y(ao) = bo,y(a1) = by or y'(ao) = bo,y'(a1) = by

Type (1) are called initial conditions
A DE together with conditions of type (1) is called an initial value problem

47
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Type (2) are called boundary conditions
A DE together with conditions of type (2) is called a boundary value problem

We will focus on IVP

Definition An n'! order linear ODE is an equation of the form (5.1) where G is a linear function of

y y/ y// y(n).
Any n*® order linear ODE can be written in the form

Po(2)y™ + 2y (2)y" T + .+ P (2)y + Pp(x)y = F(x) (5.2)

If Zy(x) #0 for z € D, then we can rewrite (5.2) in normal form

y™ 4+ P (z)y "V 4+ 4 Py (2)y + Pu(z)y = f(2) (5.3)

‘@j xT o T
where Pj(z) = %)Ex;, (z) = ;0((92)

Definition If f(z) = 0forallz € D then (5.3) is called homogeneous otherwise it is called non-homogeneous

Theorem (Existence and Uniqueness) Suppose that Pi(z), P2(x),...,P,(z) and f(z) are continuous
on the open interval I containing the point a. Then, given real numbers by, by, ..., b,_1 the DE (5.3) has
a unique solution on I that satisfies

y(a) = bo,y'(a) = b1,y"(a) = ba,...,y " V(a) = by (5.4)

The associated homogeneous equation of (5.3) is

y™ 4+ Pr(x)y™ Y + .. 4 Pu(x)y =0 (5.5)
Note that this one always has solution y(z) =0,z € I
Theorem (Principle of Superposition)

Let y1,92,...,yn be solutions of (5.5) on I. Then for any c¢i,co,...,¢, € R, the linear combination
ay1(x) + caya(z) + . .. + cpyn () is also a solution of (5.5) on I.

Proof (For n = 2), let y1(x),y2(x) be the solutions of
Y+ Pi(2)y + Pa(2)y =0

Consider ¢(x) = c1y1(x) + caya2(x) where ¢1,c2 € R

¢'(x) = cryy + cayh
¢"(x) = cry) + cayy

¢" + Pi(2)¢" + Pa(2)p = 1y + cayy + Pi(x)[cryy + cays] + Polx)[cryn + cayol
= calyy + Pi(x)yy + Pa(x)y1] + calyy + Pi(z)ys + Pa(z)yo]
=c1-0+c-0=0

Example 3" +y=0

Easy to check that y;(x) = sinz, y2(x) = 5sinz.

Question: Is ¢; sinx + c25sinz a general solution?

No. Check that y3 = cosx is also a solution of the DE. we can’t write ys(x) = ¢1 sinz + ¢35 sinz for any
values of ¢y, cs.
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Definition (Linear Independence of Functions)
The functions f1, fa,..., fn are said to be linearly dependent on the interval I provided there exist con-
stants ¢y, co, ..., c,, which are not all zero, such that

cfi(@) +eafe(z) + ...+ cnfu(z) =0, Ve el

The functions f1, ..., f, are called linearly independent on the interval I if they are not linearly de-
pendent.

Example 1 fi(z) =sinz, fo = 5sinz.
Since 5f1(x) — fa(z) =0 Vz € R, then they are linearly dependent.

Example 2 fi(x) =sinz, fo(x) = cosx
Let ¢1, ¢co be such that
(*) cisinz + cpcosx = 0, vz € R
r=0: 0+c=0 = c=0
a:zg: c1+0=0 = ¢;=0

We want the same values of ¢, ¢ for all z € R. The only way for (x) to be satisfied is if ¢; = ¢o = 0.
Thus sin x, cos ¢ are linearly independent on R

Definition Suppose the functions fi, fa,..., fn are (n — 1) times differentiable on some interval I.
The Wronskian of the functions is

fl fz fn
A oo
W(f17f23'~'7fn):det .
S B
Note W is a scalar function of z, W:I—R.

Lemma Let fi, fa,... fn be (n — 1) times differentiable on I. If f1, fo,... f, are linearly dependent on
I, the W(fl,fg,...,fn) =0onl

Proof (Forn=2)
Since f1, fo are linearly dependent on I there are ¢, co € R which are not both zero such that

c1fi(x) + eafo(x) =0, Ve el

Differentiate:
afi(@) +efs(x)=0, Veel

For any x € I, these two equations form a homogeneous linear system for ¢y, cs:

i -0 e
file)  fo(x)] [e2] |0

We know that ¢;, ¢y are not both zero.Since the linear system (x) has a nontrivial solution, we must
have the determinant of the coefficient matrix is zero.

@) @)
i) fo =0 veer

W(fhfg) =0on/ O
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Theorem
Let Py(z),...,P,(z) be continuous on an open interval I. Suppose that yi,...,y, are solutions of the
homogeneous n'”* linear DE (5.5) on I. Then there are two possibilities

(a) y1(x),...,yn are linearly dependent on I, and W(yy,...,y,) =0 on I

(b) y1(x),...,y, are linearly independent on I and W (y,...,y,) # 0 for any z € T

Proof
(a) Follows from the lemma

(b) for n = 2. Let y1,y2 be two linearly independent solutions on I of (5.5). Assume for contradiction
that W(y1,y2) = 0 at some point a € I.
Consider the linear system:

ciy1(a) + caya(a) =0 yi(a) y2(a)| (1 0
(*) / / = / / =
c1yi(a) + cays(a) =0 yila) wa(a)] \eo 0
Since W (y1,y2) = 0 at a, this system has a non-trivial solution for ¢1,c. Let Y(x) = ciyi(x) +

coy2(x) using ¢y, ¢ from the solution of (x)

— Y (z) is a solution of (5.5) by the superposition principle
— Y (z) satisfies the ICs: Y(a) =0,Y'(a) =0

But the trivial (zero) solution also satisfies (5.5) and these ICs. By E/U Theorem
Y(z) = c1y1(x) + cayz(z) = 0 Ve el

Since ¢y, co are not both zero, this means y,ys are linearly dependent on I. Contradiction. Thus
W(z)#0 Vxel O

Example ¢”" +y=0
y1(z) = sinx, yo = 2sinx are solutions on R.

sinx 2sinz

W (y1,y2) = det [cosx 2cosx

] =0onR
Y1, Y2 are linearly dependent on R.
y1(z) = sinx, ys = 2 cos z are solutions on R.

=—-1#0onR

W(yl,yg) — det [smx COsST :|

cosr —sinx

y1,¥y3 are linearly independent on R.

Theorem (General Solution for a Linear Homogeneous Equation)
Let Py(x),..., P,(x) be continuous on the open interval I. Let y1(x),...,y,(x) be n linearly independent
solutions on I of (5.5). If ¢(z) is any solution on I, (5.5) then there are ¢4, ..., ¢, such that

() = c1ya(z) + ... +cuyn(z), Vel
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Proof (n =2) Let ¢(z) be a solution of (5.5) on I. Let a € I. Consider the linear system.

@ e e ()= ()

Since y1, yo are linearly independent on I , W(y1,y2) # 0 on I. Thus det(M) # 0 and (*) has a solution
€1 -1 ¢(a)>
=M
(Cz) (¢’(a)

y(r) = cry1(w) + coya(w)

Then y(z) satisfies the IVP on I consisting of (5.5) and y(a) = ¢(a),y'(a) = ¢'(a). But ¢(a) also satisfies
this IVP on I. So by E/U we must have:

Using these values of ¢1, ¢y define

o(x) = y(z) = cyr(2) + caya(x) z el
In other words, given y1, ..., y, linearly independent solutions of (5.5), and arbitrary constants c1, ..., ¢,
C1Y1 (1') +o+ Cnyn(‘r)

is a general solution of (5.5).

Theorem (General Solution for a linear non-homogeneous ODE)

Let Py(z),...,P,(x) and f(x) be continuous on an open interval I. Let y1, ..., y, be linearly independent
solutions on I of the homogeneous DE (5.5) and y,(z) a particular solution on I of the non-homogeneous
DE (5.3).

If ¢(x) is any solution of (5.3) on I, then there are cy,...,c, € R such that
o) = () + ...+ cnyn() + yp() Ve el
Proof n=2
(1) y" + Pi(x)y + Pa(x)y = f(2)
(2)f y' + Pi(z)y + Pa(x)y =0
Consider: y,(x) = ¢(x) — yp(z), &, yp satisfy (1)
Y + Pi(x)y, + Pa(2)yn = ¢" + Pi(x)¢" + Pa(x)d — (y, + Pr()y, + Pa(z)y,)
= f(z) = f(x) =0

Thus y, (z) satisfies (2)’

Form the previous theorem, there are constants c1, ca € R such that y,(x) = c1y1(z) + coya(z), Vo € I.
(y1,y2 are linearly independent solutions of (2)’ on I)

Thus

() = yn(x) + yp(z) = c1y1 + cay2 + yp, Veel

Summary To find a general solution of the non-homogeneous DE (5.3) we need
(1) n linearly independent solutions of the associated homogeneous equation (5.5)
(2) a particular solution of (5.3)

We will start with (5.3) for a special cases
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end of midterms...

5.1 Homogeneous, linear ODEs with constant coefficients

In this case Pi(x),..., P,(x) are constants, so the DE can be written
any™ 4+ ..+ ary +agy =0 (5.6)

where ag,...,a, € R.
What kinds of functions satisfy (5.6). There is a linear combination of y and its first n derivatives

that is zero.

y=e” y =re

Look for solutions in the form y = e"*, where r is TBD.
Substituting into (5.6)
AT 4 a1 T 4 agre™ + age™ =0

(anr™ + ...+ a1r+ag)e’™* =0

Since e™ £ 0 fot this equation to be satisfied, we need

a4+ ... F+ar+ag=0 (5.7)

p(r) polynomial in 7

Equation (5.7) is called the characteristic equation for (5.6). p(r) is called the characteristic polynomial
for (5.6).

Summary If r is a root of (5.7) (a zero of p(r)) , " is a solution of (5.6).

Special case: n =2
azy” + a1y’ + apy = 0 (5.8)

Characteristic equation

— + 2 _ 4
Roots of (5.9): r+ s m

20,2

asr’ +air+ag=0 (5.9)

Three cases

(1) Two real distinct roots (a? — 4agas > 0), denote by ry,r_ € R.

= two solutions of (5.8): yi1(z) = e™", yp(z) =€ 7, reR
(2) One real root (a? —4agaz =0), r4 =r_ =r = —5q; €R

= one solution of (5.8). y1(z) =™,z € R
—> Need a second, linearly independent solution

(3) Two complex roots (a? — 4agaz < 0). ry,7_ € C.

. V4 —a?
ry =axif, o, B€R. a=—4 f=VynTd

" 2a4 2as

eloFif)z — gaz Fifr _ 00T (cog By + jsin fz) = complex valued function?

Theorem (Distinct Real Roots)
If the roots 71, . .., r, of the characteristic equation (5.7) are real and distinct and ¢q, ..., ¢, are arbitrary
constants then

y(z) = 1™ + c2e™T + ..+ cpe™” reR (5.10)

is a general solution of (5.6)
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Proof (n=2)
If 1,70 € R, r — 1 # 7o are roots of (5.9), then from our analysis above y;(z) = €%, ya(x) = €% are
two solutions on R of (5.8).

™T ToX
el e'?

W(y1,y2) = det { ] = (rq — T1)6(T1+T2)$ #0,Vx e R

riet  pge’®

= 1,y are linearly independent.
By the Theorem on general solution for homogeneous equations c1e"™% 4 c2e™%, = € R us a general
solution for (5.8) O

To proceed to the other cases, we’ll make a brief aside.

Linking DE’s to Linear Operations

Operator a mapping from function to function

/

Definition The differential operator, D, is the operator defined by Dy] = ¢/'.
its derivative.

y gets mapped to

Definition The identity operator, g, is the operator that maps a function to itself: g[y] = y.
Compositions of operators are defined as

(T1 o T3)[f] = Th[T2[f]]

Examples
(Do D)ly] = D*[y] = D[Dly]] = Dly'] = y"
DF[y] = D[D[...D[y]...]] = y®

Definition An operator T is linear if for any ¢;,co € R and any fi, fo in the domain of T, ¢1 f1 + co fo
is in the domain of T" and

Tlerfi + cafo] = alT[f1] + e T f2]

Exercise Show DF is a linear operator for any k.

Given a1, a2 € R and operators 11,15, we define
(a1Th + axTo)[y] = arTh[y] + a213[y]

Example (A polynomial differential operator)
Let a1,a2 € R. For any differential function y

(a1D + aog) = a1 D[y] + aogly] = a1y’ + aoy
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Examples
Commutativity

(D —ag) o (D —bg)y] = (D —bg) o (D — ag)[y]
Factoring
(D? = (a+b)D — abg)[y] = (D — ag) o (D — bg)[y]

Often we will write ag[y] = aly] where a € R
Using these ideas we may rewrite the homogeneous DE (5.6) as an operator equation

any™ + ...+ a1y +ay=0
an D"yl + ...+ a1D]y] + apgly] = 0 — function

5.11
(an D™+ ...+ a1 D+ apg)y] =0 (5.11)
P(D)
Then solving (5.6) is equivalent to finding the functions y that are mapped to 0 by P(D).
Note that P(D) is a linear operator.
Example For n =2, we have asy” + a1y’ + agy = 0.
Operator form:
(a2D* + a1D + ag)[y] = 0
a a
(azg) o (D* + 01D +bog)lyl =0 by = — by = —
ag ag
(a2g) o (D —ry)o (D —r_)[y] =0
—b1 + \/b% — 4b0 —ay + \/a% — 4@0@2
where ry = =
2 2a2
Repeated Roots 1y =r_ =r=—5-
Operator form of DE: (%)

az(D — 7‘)2[2/] =0

ag(D = r)[(D —r)[y]] = 0

One solution is y = €™ since (D — r)[e"*] = re"™ — re"™ =0
Look for a second solution in the form  u(x)e™.
Substitute this into ()

az(D —r)[(D = r)[u(z)e™]] = az(D — r)[u'e"™ + rue™ — rue”™]
= as(D —r)[u'e"]
_ a2[u//erz + u/rerw _ u/,r,er;v]
— a2u//6TCE
In order for u(x)e™ to satisfy (x) we need
agu’e™ =0 <= u'(z) =0 <= u(z) = c; + 27, c1, co constants

= Any solution of (x) is in this form (¢ + cox)e™, z € R.
Can check that €™ xe" are linearly independent functions.
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Theorem (Repeated Roots)
If the characteristic equation (5.7) has a repeated root 7 € R of multiplicity k, then the following are k
linearly independent solutions of (5.6) on R.

Proof Since the characteristic equation as a root 7 of multiplicity k it may be written.
p(r) =q(r)(r—7)* =0 where ¢(r) is of degree n — k
Thus (5.6) in operator form can be written
9(D)(D ~7)*ly] =0

We know € is a solution of the DE and y will be a solution if (D —7)¥[y] =0
Consider  wu(z)e™. This will be a solution if

(D —7)Fue™] =0

Can show by induction that B B
(D —7)F[ue™) = uF e

ue™ is a solution of (5.6) if and only if u(®)e™ = 0 if and only if u*) = 0 if and only if

u(z) =1 4+ cox + ... 4 L, c1,...,c; €ER
Thus c1€™ + ... + cxz¥ =™ is a solution of (5.6) for any ci,...,cx € R
= ™ xe™, ... 2" 1e™ are solutions on R of (5.6).
Can show that these are linearly independent. O

(See problem 29 in section 3.2 of text)

Complex roots
Recall for n = 2
azy” + a1y’ +apy =0
p(r) = @27"2 +a1r+ay=0

If a? — 4agaz < 0, the roots are complex.

ry = a+ifl where a = —5L, f = i\/élaoag —a?.

Note that p(r) may be rewritten:

as(r® + byr + bor)

=as(r — (a+1if))(r — (a —iB))
= ay(r? — 2ar + o® + %)

az((r —a)* + %)

p(r)

Theorem (Complex Roots)
If the characteristic equation (5.7) has a pair of complex conjugate roots « £ i3 of multiplicity 1. Then
two linearly independent solutions of (5.6) on R are

yi(z) = e cos(Bz),  ya(a) = € sin(Ba)
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Proof In this situation the characteristic polynomial can be written p(r) = q(r)((r — a)? + 5?) where
q(r) is of degree n — 2.
Thus the DE (5.6) in operator form is

g(D)((D = a)* + 8%)[y] = 0
Consider
(D — a)[e** cos Bz] = ae™® cos Bz — Be®® sin fz — ae® cos Bz = —Be®® sin Bz
Similarly (D — a)[e®” sin Bz] = Be cos Bz

Thus
(D — )? 4 B?][e™® cos fz] = (D — a)?[e™* cos Bx] + 32e*” cos Bz
= (D — a)[—Be*” sin Bx + 2e*” cos fz]
= —3%e%" cos B + %™ cos B = 0

Similarly, we can show ((D — a)? + 3%)[e** sin Sz] = 0
So e** cos fx, €** sin Sz are solutions of (5.6)

Consider
e** cos fx e sin Bx
ae*® cos fxr — fe* sin fr ae®” sin fx + Fe*” cos fx

Thus W (e*® cos Bz, €% sin Bz) = Be?*® #£ 0 on R.
So e** cos fx, €**sin fx are linearly independent on R. O

W = det

Theorem (Repeated Complex Roots)
If the characteristic equation (5.7) has a pair of complex conjugate roots o & i3 of multiplicity k, then
the following are 2k linearly independent solutions of (5.6)

e cos Bz, €*Tsinfx, e cosfzx,..., 2" e cos Bz, 2Pl sin fa

Proof Puts together the ideas from previous two theorems. O

Example Find the solution of the IVP ¢ — 2y + 5y =0, y(0)=1, ¢'(0)=2

Solution The characteristic equation is: r> — 2r +5 =0, (D* — 2D — 5¢g)(y) = 0.

L V4_20:1:|:2i

From the theorem last class, two linearly independent solutions are y;(x) = e cos 2z, yo(x) = e* sin 2z
General solutions: y(z) = ¢1e” cos 2z + coe” sin 2. where ¢q,c — 2 are arbitrary constants.

Roots r =

y'(z) = c1” cos 2z — 2¢1€” sin 22 + cpe” sin 2z + 2c0e” cos 2z

Apply IC’s

y(0)=1 = 1=¢

y/(O) =2 = 2=1c1 +2¢
1

:01:136225
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Solution of the IVP 1
y(z) = e® cos 2z + ie“’ sin2z, x€R

Example Find a general solution of ¢y — 3y" + 3y’ —y = 0.

Characteristic equation 73 —3r2 +3r—1=0 = (r—1)>=0

Roots r = 1, with multiplicity 3.

From Theorem last class, 3 linearly independent solution of the DE are e*, xe®, z“e”
= General solution: y(z) = c1e® + caze® + czz?e® where c1, co, c3 are arbitrary.

2

Example Find a general solution of
yW =3y —dy =0

Characteristic equation: r* —3r2 —4 =0
(r2+1)(r?-4)=0

=4 = r =42

r=-1= = r=+i = a=0,8=1

From our Theorem from last class, 4 solutions of the DE are:
yl(x) = 62$7y2(x) = 6_2I7y3(x) = COS(E7y4(x) =sinz

Need to check these are linearly independent.
From Maple, W (y1,y2,ys,ys) = —100 # 0 = linear independent on R.
General solution:

y(z) = C1€2m+62672x+63 cosT + ¢y sinz, reR

where ¢y, ¢, c3, ¢4 are arbitrary.

5.2 Applications

Slides on learn. (and appended here)

5.2.1 Mass-Spring System Model

mz” +cx' +kx =0 (constant coefficient, 2°¢ order)

e 1 - displacement of object from rest position
e { - time

e m > 0 - mass

e ¢ > 0 - damping constant

e k& > 0 - spring constant

Initial condition x(0) = z¢ (initial position) 2’(0) = vy (initial velocity)
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5.2.2 Pendulum Model

mll" +mgsin(d) =0
0" + %sin(@) =0 not linear
g - gravitational acceleration
{ - length of a string
Initial conditions: #(0) = 6 (initial angle) 6’(0) = v (initial angular velocity)

0(t) - angle pendulum makes with vertical
This is a non-linear DE due to sin 6

Note this has the equilibrium solution: 6(t) =0,t € R
Corresponds to the pendulum hanging straight down.
If |] is small, then we can use the linear approximation. sin =
If we put this in the model we get a linear, constant coefficient DE:

0" + %9 =0,  6(0) =00,60(0) = vy

The two applications have models in the form
y" + by +boy =0

with mass spring: by = =~ >0, by = % >0
linear pendulum: by =0, by =% >0

Depending on the values of by, by the systems will have different behaviour.

Free, undamped case b; =0 (Pendulum or mass-spring with ¢ = 0)
Sine by > 0, let by = w3, (wo > 0)

Characteristic equation: 72 + w =0 = roots: r = Fiwy

General solution: y(t) = ¢; coswot + o sinwyt c1, co arbitrary.
Rewrite (Using trig identity): y(t) = A cos(wot — B) A, B arbitrary.
Those arbitrary constants are determined by IC’s

The motion is periodic with amplitude A and period i—:

This is called simple harmonic motion
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Free, damped motion (by,by > 0)
Characteristic equation: 72 + bir +bg =0

e case 1 by —4by <0 _
Complex conjugate roots =ry = a i = —%1 + £/b7 — 4by
General solution:
y(t) = cre™ cos Bt + coe® sin ft = Ae™ cos(ft — B)

Since b; > 0,a < 0, so tlim y(t)=0
—00

Motion is oscillatory with amplitude that decays in time
This is called the underdamped case.

e case 2 b? = 4b, One real, repeated root 7 = —% < 0

2
General solution y(t) = cie™ + cote™

tlim y(t) = 0 Motion is not oscillatory.

00

This is called the critically damped case

e case 3 b? > 4by Two real, distinct roots

by 1
ry :—éiiq/b%—%o

Since by >0 and bg >0 = r_ <ry <0
General solution: y(t) = cie™! + coe™ 'R
tlim y(t) = 0 Motion is not oscillatory.
—00

This is called the overdamped case

5.3 Non-homogeneous DE

Yy 4 P(2)y Y 4 4 Pu(x)y = f(x) (5.12)
Associated homogeneous DE
y™ + Py (z)y" "V + .+ P(z)y =0 (5.13)
General solution of (5.12):
y(z) = yn(z) + Yp(7)
~—— ——

general solution of (5.13)  particular solution of (5.12)

We'll see two methods for finding y,(z)

5.3.1 Method of Undetermined Coefficients

Applies if Py(z),..., P,(x) are constants.
In this case the DE can be written in operator form

P(D) = f(x) — Look for y,(z) that is mapped from P(D) to f(x)
——

characteristic polynomial

Idea If f(x) has a finite number of derivative look for y,(z) as a linear combination of derivatives of f.
If y,(x) is a solution of (5.13) P(D)[y,(x)] =0
In this case if we consider zy,(x)

P(D)[zyp(z)] = aryp(z)

Example:
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Example Find the general solution of

Yy — 3y — 4y = > sinz + 2cosx

Solution Associated homogeneous equation: y®*) — 3y” —4y =0
has general solution: vy, () = c1€%* + coe™2% + c3cosx + ¢y sinw
Form for y,(z):
f(z) =e**sinz + 2cosz = fi(x) + fa(z)
Yp(T) = Yp, (T) + Yp, ()
Yp, (2) = M1e** cosx + Mae** sinx
Yp, () = Acosz + Bsinz

Since y,, () is a solution of associated homogeneous equation.
Multiply yp, (x) by 2:
Yp, () = Az cosz + Brsinx

5.3.2 Method of Variation of Parameters
Example Find a general solution of

Yy’ + 4y = sec 2z —Z<x<f

W~

Solution Associated Homogeneous equation
y' +4y =0

Characteristic equation: r2 +4 =0 = r = £2i
General solution: yp,(z) = ¢ cos 2z + ¢ sin 2z
Can’t use Method of Undetermined coefficients due to sec 2z on RHS.

Variation of Parameters:
Assume y,(2) = u1(x) cos 2z + ug sin 2z
Using the conditions we derived:
U} cos 2z + uh sin 2z = 0
u} (—2) sin 2z + u)2 sin 2z = sec 2x

Solve for u} and u}

1 1

uh = —§tan2;[; = wuy(z) = 1 In(cos 2x)
u- _1 — =2
279 279

So yp(z) = +In(cos2z) cos2z + £sin 2z
General solution: y(z) = yn(z) + yp(x)

1
y(z) = 1 cos2x + cosin 2z + 1 In(cos2x) cos2x + g sin 2z

5.4 Applications

see slides

5.4.1 Undamped Forced Motion
5.4.2 Damped Forced Motion
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Linear Systems of DEs

Consider the mass spring model
ma” + cx’ + kx = F(t) (%)
Introduce the variables: ' *©, = “}_ % T2
Tog=1a xy =" = zf

Then an equivalent way of writing () is

T = x
zh=—LSwy— Lo+ F()

This is a system of two first order ODEs for x4 (t), z2(t).
In general, any n** order ODE can be written as a system of n first order ODEs.

6.1 Matrices and Linear Systems

Definition A first order n-dimensional linear system of ODEs is a set of n equations involving n unknown
functions x1, o, ..., x, and their first derivatives. which can be written in the form

2] = P(t)x1 + ... + Prazn + fi(t)

(6.1)
2, =Put)x1+ ...+ Punwn + fo(t)
Alternatively, we can write this: =
¥ =P)T+ f(t) (6.2)
where
T Pi(t) ... Pia(t) fi()
F=|:],@:R=R"Y PHt)=| : J(P:R—=R™™)  ft)=| :
T Poi(t) ... Puu(t) fn(t)

matrix valued function

P(t) called the coefficient matrix.

Definition A solution of (6.2) on the open interval I is a function & which is differentiable on I and
satisfies (6.2) on I.
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Definition An initial condition for (6.2) is a specification of Z(t) for a given value of ¢

f(to) = X9 (63)

Theorem (Existence and Uniqueness)

—

Suppose the functions P(¢) and f(¢) are continuous on the open interval I containing the point ty. Then
there is a unique solution on I to the IVP consisting of (6.2) and (6.3), for any #, € R”

Definition The associated homogeneous equation for (6.2) is
7 = P(t)T (6.4)

Theorem (Principle of Superposition)
Let Z4,...,Z, be solutions of (6.4) on the open interval I. Then for any ¢1,...,¢, € R

Z(t) = 1@ (t) + ... 4+ cn@n(t)

is also a solution on I of (6.4)

Proof

Definition Let ICRandfj I —->R" j=1,...,n
The functions f_i, e ﬁl are linear dependent on I if there are cy,...,c, € R, not all of which are zero,
such that ¢1f1(t) 4 ...+ o fn(t) = 0Vt € I. Otherwise they are linear independent.

Definition Let #1,...,&, be solutions of (6.4). Let M = [5:'1 Ty - fn} be the matrix with j**
column is ;.
The wronskian of Z1,...,%, is

xll(t) e .Tnl(t)

W(Z,..., %) =det(M) =det | - : :
(@1, ) = det(M) = de Zin(t) oo Zan(t)
—— N——

Z1(t) Tn(t)

Theorem (Wronskian of Solutions)
Suppose Z1,. .., T, are n solutions of (6.4) on an open interval I where P(t) is continuous, then there are
two possibilities:

(1) #1,...,2, are linearly dependent on I and W (Z,...,Z,) =0 on I.

(2) &4,...,%, are linearly independent on I and W (Zy,...,%,) # 0 on Vt € I.

Proof (Analogous to case for n'" order ODEs) O
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Theorem (General Solution of Homogeneous Linear Systems)
Let &y, ..., &y, be n linearly independent solutions of (6.4) on an open interval I where P(¢) is continuous.
If #(t) is any solution on I of (6.4) then there exist ci,..., ¢, € R such that

Ft) = a1Zi(t) + ...+ cadin(t)  VEET

Proof Let Z(t) be any solution on I of (6.4). Let ty € I, and M (t) be as in the definition of the

Wronskian. Since &1, ..., %, are linearly independent on I,
det(M(to)) = W(@1(to), . ., En(to)) # 0
Thus the linear system M (to)¢ = Z(to) (%)
has a unique solution
C1
C2
&= M~ (to)@(to) =
Cn

Define y(t) = c121(t) + ... + ¢ Zpn(t). This is a solution of (6.4) by the Superposition Principle and
satisfies the initial condition ¢(to) = Z(tp). But #(t) is also a solution of (6.4) satisfying the same IC. By
the E/U Theorem we must have

F(t) = §(t) = a1@1(t) + ...+ cafin(t) VT

Theorem (General Solution of Non-homogeneous Linear Systems)

—

Let %, be a particular solution of (6.2) on I where P(t) and f(¢) are continuous. Let #1,...,%Z, be n
linearly independent solution on I of (6.4).
If Z(¢) is any solution of (6.2) on I then there are cy,...,c, € R such that

f(t) = C1fl(t) + ...+ Cnfn(t) + fp(t>7 Vtel

Proof Let #(t) be any solution on I of (6.2).
Let %(t) = Z(t) — Zp(t), then

§=7 -7, =[PMO)T+f] - [PZ,+ fl=P@F-7,) =Py Vtel
So ¢(t) is a solution on I of (6.4). By Theorem from last class, there are ¢y, ..., ¢, € R such that

g(t) = a1Z1(t) + ... + CuZn(t) vtel

Thus
Z(t) = g(t) + Tp(t) = &1 (t) + ... + cn@n(t) + Zp(t) Vtel

6.2 Constant Coefficient Homogeneous Systems

6.2.1 The Eigenvalue Method

See slides

Example 1 Find a solution of the IVP
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Solution Find the eigenvalues and eigenvectors of A.
1—-A 1
4 1-—
Eigenvector for A =3 : 9 = (}) — #1(t) = ¢*(}).
A=-1,7= (") = &) =c()

General 5 ,
1 (1 cre’t 4+ coe”
2(4) = ¢ 03t t _
) =cre <2> e (—2> (26163t - 2026_t>

Initial condition: Z(0) = (zl’))
1 c1e3t + et . 5 1
= ] 1= —,6=—~
3 2c¢1e3t — 2cpet T 4

3t _ —4
Solution of IVP: Z(t) = (gé ‘;zgt L % gz_t)

Characteristic equation: det(A — \I) = det { )\] =1-X2-4=0 = A=3,-1

Example 2 Find a general solution of Z’(t) = AZ where A = B _31}

Solution Characteristic equation: (A —2)? = 0, = 2,2
Solve for eigenvector (A — AI)v' =0
-1 -1 v\ 0
1 1 Vg —\o
Eigenvector & = (') — &1 (t) = e* ()
284 solution #o(t) = €24 + te?' v where @ satisfies (A — )i = ¥/
Choose one solution: u = (_1)

G- )
zo(t) = 2 (°)) +te? ()

General solution: Z(t) = c171(t) + ca@2(1), teR

0

Example Find a general solution of ' = AZ where A = (_51 _é)

Solution Characteristic equation: det(A —A) =0 —= A= -2+2i=a=+if
Find an eigenvector, A = —2 4 2¢

(A= AT =0 (1 _5% _1__1 22.) (Z;) = (8) — vy = (1-2i)v;

1 1 0
I o _ . o
Choose ¥ (1_%) (1> —1—2(_2> U + 9w
)

General solution (See derivation last class

Z(t) = cre® (i cos(Bt) — wsin(Bt)) + coe® (@ sin(Bt) + w cos(Bt))

=cre” % KD cos(2t) — <_02> sin(Qt)} + coe™ [G) sin(2t) + (_02> Cos(2t)]
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6.3 Sketching Solutions for 2-D Systems

0 1
-1 0

=T ral() - () e

Plot of component functions separately is messy.
Suppose: ¢; =a, cg =0, then x1(t) = acost, za(t) = —asint,t € R.
Think of this as parametric equation for a curve in R?

Example 7 = AZ A= ( ) Can show general solution is

2

2?2 + 22 = a®cos®t + a’sin’t = a® — a circle with radius a

t=0 xz1=a, xo=0
(a,0) t=0 t=m/2 1 =0,22=—a

s
NP

Suppose ¢; = 0,c = a, similar. Can show for any values of ¢1, ¢y the solution corresponding to a
circle.

Put arrow to indicate how curve traversed as t increased

Example 1 Sketch the phase portrait of &’ = A% where A = <£11 })

Solution Form last lecture, A has eigenvalues 3, —1 with eigenvectors (é), (_12)
General solution: #(t) = c;e3! (;) + coe™! (_12), teR.
Special solutions: ¢; = 0,c0 =0 — Z(t) = (8),15 eR.

3t
c1#0,c0=0, F(t)= (QCclleegt),t ER = x5(t) = 221(t),t €R

—t
c1=0,c0#0, Z(t)= <_022:26_t>,t ER = z5(t) = —21(t),t € R

Asymptotic Behaviour () = cje® (é) + coe? (,12), teR

e ¢; =0: limy_,o #(t) = ()) On the line z» = —2 solutions move toward origin.
o ¢ >0,c0 # 0: limy_ o, Z1(t) = 00, limy_y o0 To(t) = 00
o ¢ <0,c0 # 0: limy_yop 1 (t) = —00, limy_s 00 Ta(t) = —00

How do solutions behave as t — 0o?

. xa(t) L 2¢1€3 — 2c1e7t
lim = lim —————— =
t—o0 xl(t) t—oo c1e3t 4+ coet

As t — 00, z9(t) — 2x1(t), Z(t) has the line zo = 2z, as an asymptote as t — oo
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c1=0,c5<0 T2
c1>0,c0=0
T
c1 <0,c0=0
c1 = 0, c >0
Cont’d 5 .
t 2 —2c1e”
tim = 220 _ gy Za€Z2ac
t—>—oo  x1(t) t—ooo c1e3t 4 et
Key Points

e cquilibrium point (8) is unstable (saddle point)
e cigenvectors determine special solutions of zo(x1)

e sign of corresponding eigenvalue determines direction on special solution

)

A\
7

N
2V “2 <
% \2,2}

Example Sketch phase potrait of #/ = (} _31) z.

Solution A has eigenvalues 2,2, eigenvector (_11), generalized eigenvector (_01)

General solution ) 0 .
) =c (1> e* +co Kl> et + (1)t62f} , teR

C1 Co
Special solutions: 0 0 Z(t) = (0)
# 0 0 .Z‘Q(t) = 71‘1(t)
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To(t
c1#0,c0#0 lim 2()2—1
t——o0 xl(t
as t — —oo, Z(t) has asymptote zo = —z7.
Nullclines
x n
e horizontal: 72 =0 T1+ 302 =0 = x5 =—%
. Ty
e vertical: TZO T —To=0 = x1 = 2

equilibrium point (8) is unstable.

Example Sketch phase potrait of Z'(t) = (51 _;)) z

Eigenvalues: —2 =+ 2i.
General solution

F(t) = cre? KD cos(2t) — (_02> sin(2t)} + e [G) sin(21) + (_02> cos(2t)]

Special solutions: Z(t) = (8)
Rewrite solution:

oo cos(2t — 0) R o
#(t) = we (cos(2t —0) + 2sin(2t — §) p=yata, tan)= c1

0
tlim Z(t) = (0>, x1(t), z2(t) are oscillating with amplitude — 0 as ¢t — co.
—00
The trajectories will be spirals.
Nullclines
e horizontal: ‘%’“ =0 = x9= gxl
e vertical: % =0 = z9=—x1

Equilibrium point is asymptotically stable.
T2

/
/
Z1

More details and examples in the textbook.
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6.4 Fundamental Matrix

6.5 Nonhomogeneous Linear Systems

Nonhomogeneous system

—

¥ =PH)T+ f(t) (1)
Associated homogeneous system
# = P(t)7 (2)
Recall General solution of (1) is
T(t) = Tn(t) + Lp(t) (3)

where (t) is a general solution of (2), Z,(t) is a particular solution of (1). From last class

where ®(t) is a fundamental matrix for (2), ¢ € R™ is arbitrary .

To find &, (t) we will use the following.

Theorem (Variation of Parameters for Linear Systems)
If ¢(t) is a fundamental matrix for (2) on some open interval I where P(t), f(t) are continuous then a
particular solution of (1) is

Z(t) = @(t)/@—lf(t) dt, tel
Proof Assume a solution of (1) in the form Z,(¢t) = ®(¢)u(t) where @(t) is TBD.
Then for t € I
T, (t) = @' (t)u(t) + ®(t)d'(t) = P(t)®(t)u(t) + ®(t)a'(t) (prop3 from last class)

Substitute 7, 7, into (1)

Since ® is invertible on I we can solve for @’

@(t) = &' () f(¢)

—

Thus we need (t) to be an antiderivative of ®~1(¢)f(t) we write this as

i(t) = /(I)‘l(t)f(t) dt

Thus

—

7, (t) = (1)if(t) = B(1) / () f() dt

is a solution of (1)
It follows from this Theorem and (3) that a general solution for (1) can be written as

—

() = D()E + @(t)/qu(t)f(t) dt, tel

This is called the variation of parameters formula.
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Sometimes this formula is written

where tg € 1.
In this case we’ve chosen Z,(t) so that Z,(tg) =0

—

Example Find a general solution of #'(t) = AZ + f(t) where A =

Solution We showed in a previous lecture that

1 0 1
() = cre? (_1> + coe?t {(_1> 4+t (_1
A fundamental matrix for & = AZ is
th t€2t
o(t) = <62t 1 +t)e2t)

b
a)

1 d —b
M~ =
ad — bc (—C a >

To find ®~1(¢) we can use the formula. M = (Z

Thus

w0 =[5 ] won - ()

tel

G _31) and f{(t) = (e

) e

-1

- t+t
/@’(t) (t)dt = ( + 2) leave out constants of integration

Zp(t) = D(t) / @' (t) f(t)dt = matriz multiplication = (

—

General solution: Z(t) = &5 (t) + Zp(t)

e 2t (t — %)

(%)

), teR
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Laplace Transforms

7.1 Laplace Transforms and Inverse Transforms

Definition Given a function f(¢) defined for all ¢ > 0, the Laplace Transform of f is the function F
defined by

F(s) = L{F (1)) = / T et f ()t

for all values of s for which the improper integral converges.

Recall We say the improper integral above converges if

b
lim e St f(t)dt

b—oo J
exists, otherwise we say it diverges.
Example f(t) =1
b —st |b —sb 1 :
. 1-— < f 0
(if s#0) lim e ' f(t)dt = lim S LI e =
b—oo Jg b—oo —S§ |, b—roo S DNE

if s=0lim ¢[) = limb DNE
b—o0 b—o0
Summary

/ S gt J converges with value 1 if s >0
e
0 diverges otherwise

Implication: £{1} =1, for s > 0.

S

Example 2 Let f(t) = e*,a € R. Assume a # s

b

b NS (EETINY
lim ee 5t dt = lim @)t dt — lim e R 1 s
b—oo Jo b—oo Jg booo G — S DNE ifs<a

The case s = a is the same as the case s = 0 in the previous example.

Conclusion: L{e"} = - if s > a.
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Example 3 Let a€C,ie. a=a+if

e® = et = ¥ (cos fu + isin Bu)

Evaluation of the integral proceeds as in the last example until the last step

L if s>a
DNE ifs<a

lim eletiBlte=stgr — lim
b—oo Jg b— o0 a— S

o el@=9)[cos Bb + isin fb] — 1 {

To proceed further, we define conditions to guarantee that £{f(¢)} exists.

Definition The function f(¢) is said to be piecewise continuous for a < ¢t < b provided that [a,b] can
be subdivided into finitely many abutting subintervals, such that

1. f is continuous in the interior of each subinterval

2. f has finite limit as ¢ approaches each end point of each subinterval from its interior
r\ o
5 Q\

Definition The function f(t) is said to be piecewise continuous on ¢ > 0 if it is piecewise continuous on
each bounded subinterval of [0, +00).

Example The unit step function, u(t) is defined by
0 ift<O
1 ift>0
The unite step function at a is defined by

0 t<a
1 t>a

ug(t) = u(t —a) = {

Definition The function f(t) is said to be of exponential order as t — oo if there are constants M >
0,c¢ > 0,T > 0 such that

[f(t)] < Me*,  fort>T (2)

Theorem (Existence of the Laplace Transform)
If f is piecewise continuous on ¢ > 0 and of exponential order as ¢ — oo with constant ¢ in eq(2), then
L{f(t)} = F(s) exists for s > c.
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Proof Since f is piecewise continuous on ¢ > 0, we can find M > 0 such that (2) is satisfied with
T=0. ie.
|f(t)] < Me, for t >0

From example 2 above fooo Mectestdt converges if s > c. Thus using a comparison theorem fooo |f(t)e™st|dt
converges for s > c.
It follows that [, f(t)e~*'dt converges. O

Theorem (Linearity of the Laplace Transform)
If o and B are constants and L{f(t)}, L{g(t)}, exist for s > ¢ then

L{af(t) + Bg(t)} = aL{f()} + BL{g(D)}

Proof
b
Llaf(t) + Bo(t)) = tim [ [af() + Bg(t)) =
o Jo
b b
= Jim [a/ f(t)e—stdt+ﬁ/ g(t)e—stdt]
— 00
= bhm a/ f(t)e stdt + hm ﬁ/ Ye Stdt since these limits exist
— 00

=al{f(t)} + BL{g(t)} for s > ¢

O
Example Find L{cos(kt)}
ikt —ikt
Solution cos(kt) = “—t—
ekt 4 emikt 1., 1 ; 1[ 1 1 s
L{cos(kt)} = L{ ————— p = L{e™} + - L{e 1} = = if s >0
{eos(kt)} { 2 } e e =S ST T T e e
Using Example 3, a =0,8 =k
Similarly, we can show:
. k s .
E{Sln(kt)}:m,5>o, L{COSh(kt)}: m,s>k>0, L{Slnh(kt)}: m,5>k>0

o0
Definition The gamma function is defined by I'(z) = / e " 1dt for x > 0
0

Properties T'(1)=1,T () =7, I'(z+1) =2l'(z), [(n+ 1) =n! (n a positive integer)

Example Let a € R, a> —1. Find £ {t"}.

> 1
/ e~ st dt Let u=st, t = 37 dt = —du
0 s s
o0 u\e 1
:/ e <7> —du
I 1
01 5008 :E{t“}:mii_l) for s >0
o0 Sa
:T—l/ e “uOdu since t > 0,u >01if s >0
s 0

1
:Saﬁr(a —+ 1) fOr s > O
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n!
n+1,s>0

T Rl G - RN

52

n is a positive integer £ {t"} =

Suppose we are given F(s), how can we find f(t) such that £L{f(t)} = F(s)?

Theorem (Uniqueness of the Inverse Laplace Transform)
Suppose that f and g satisfy the hypothesis of the Existence Theorem for the Laplace Transform, with
LA{f(t)} = F(s) and L{g(t)} = G(s). If for some ¢, F(s) = G(s) Vs > ¢, then f(t) = g(t) wherever on

[0,00) both functions are continuous.
Proof Requires concepts form Complex Analysis. O

Implication f(¢) and g(t) may differ only at points of discontinuity.

f g
/\/0 /\/3 f = g except at a
= L{f()} = L{g(t)}
! a t I a t
Suppose g(t) = {ig;’ 8 and L{f(¢)} is defined for s > c.
£{g(t) / Je=stdt — /OOO Fetdt = L)} s>c

Convention If F(s) = L{f(t)} where f(t) is continuous on ¢t > 0 we call f(¢) the inverse Laplace
Transform of F(s) and write L~ {F(s)} = f(t).

Theorem (Linearity of Inverse Laplace Transform)
If H(s) = aF(s) + BG(s) for s > ¢ where F(s) = L{f(t)} and G(s) = L{g(t)}, and f, g are continuous
on ¢t > Om then

L7 H(s)} =al Y {F(s)} + BLT{G(s)}, where a, § are constants

Proof Let h(t) = af(t) + Bg(t), hence h(t) is continuous on t > 0.
LA} =aLl{f(t)}+BL{g®)} = aF(s) + BG(s) = H(s) by linearity of £
Then by uniqueness,

LTH{H(s)} = h(t) = af(t) + Bg(t) = aL™ {F(s)} + BLT{G(s)},  s>c

Example Find £7! {SQiEG} “1{F(s)}.

Solution Apply partial fractions to F(s)
2s—3 A B 3
2—5—6 s—3+s—|—2 - A:g
Now we take inverse Laplace Transform using linearity

25— 3 31 71 3 1 7 1 3., 7
vy 2 L p-1)2 - L_2p-1) = Lp-t _ 23t L
{32—3—6} {55—3+55—|—2} 5 s—3f "5 s+2f 59 t°
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1
Example Find £} {53 P }

Solution Using partial Fractions

1 _A_‘_Bs—f—C:> 1
s34+4s s s2+4 4

Now we take inverse Laplace Transform using linearity

_ 1 _ 1 s 1. 1 1 . S 1 1
£ 1{53+4s}:‘ 1{45‘4<52+4}:45 1{8}—45 1{82—1—4}:4_4&)8(%)

7.2 Laplace Transforms & IVPs

Theorem (Laplace Transform of Derivatives)
Suppose f(t) is continuous on ¢ > 0 and f’(t) is piecewise continuous on ¢ > 0 and f(¢) is of exponential
order as t — oo (with constants ¢, M, T'). Then L {f'(¢)} exists for s > ¢

L{f )} =sL{f(1)} = f(0)

Proof (for f’ continuous) General Proof on p455-466 of text
Using IBP

b b b
lim/ f'(t)estdt = lim l[f(t)e_s"‘]g—&—s f(t)e‘“dt] = lim | f(b)e™*® —f(0)+s / ft)e stdt
b—o0 J b—o0 b—o | N— —r 0
can show —
—0 'fo?s>c L‘{flén)lit sxéstsdsifnce
since t efined for s>c
LIf ()| <Met

O

Corollary (Laplace Transform of Higher Derivatives)
Suppose

e (M is piecewise continuous on ¢ > 0
e £, f ..., f"~ Y are continuous on ¢ > 0 and of exponential order as t — oo (constants, M, ¢, T)

Then £ {f(™(t)} exists for s > ¢ and
c{rw} = "L (@) = 5" 0) = "2 0) — = fO70(0) = F(s)
Example Use Laplace Transforms to find the solution of the IVP
2" — 1’ — 6z =0, z(0) =2,2'(0) = —1

Solution By E/U Theorem we know a unique solution, z(t), to the IVP on R which is twice differen-
tiable. We assume that £ {z(t)} exists and let X (s) = £ {z(t)}
LA{z" — 2 — 6z} = L{0}
LA{z"} —L{z'} —6L{x} =0 linearity
52X (s) — sx(0) — 2/(0) — [sX(s) — 2(0)] —6X(s) =0 (Derivative Theorems)
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(s —5—6)X(s) =25 +3=0 (using IC’s)
25 -3
s$2—s5-6

Since z(t) is continuous, we use the uniqueness of the inverse.
Laplace transform to conclude.

X(s) =

25 — 3 3 7
z(t) = L1 {s2is—6} = ge3t + 56_% from previous lec

Solution of IVP is z(t) = 2% + Ie7?" t € R

Theorem (Laplace Transform of Integrals)

If f(¢) is piecewise continuous on t > 0 and is of exponential order as t — oo (with constants ¢, T, M)
then

E{/Otf(”c)d”t} = %E{f(t)} = @ for s > ¢

£t {Fis)} = /Otf(T)dT

Proof Since f is piecewise continuous, on t > 0. g(t) = fg f(t)dt is continuous on ¢t > 0, ¢’ is
piecewise continuous on ¢ > 0.
Further,

equivalently:

M
7ect
C

mm=MUmm

t t M
g/mmws/MwM=7whn
0 0

IN

t>0

So g(t) is of exponential order as ¢ — oo and we can apply the Theorem on Laplace Transform of
Derivatives.

L)} =L{g ()} = sL{g(t)} — 9(0) = sL{g(t)} for s > ¢

=¢£{[jﬂﬂﬁ}=ﬁﬂMH=i£UﬁH for s > ¢

note the notation is : .
| s
0

Example Solve the IVP 2" + 42’ =0,2(0) =2/(0) = 0,2”(0) =1

Solution Let X(s) = L{z(t)}
Apply L.T to DE c o)
2" +4x'} = L£{0
LA{z"}+4L{2"} =0
s3X (s) — s2x(0) — s2'(0) — 2" (0) 4+ 4[s X (s) — 2(0)] = 0
(5% + 45) X (s) = (s* + 4)x(0) + s2’(0) + 2 (0) = 1
1 1
$+4s s(s?2+4)

X(s) =
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To find z(t) = £L71 {X(s)} could use partial fractions.
Instead we’ll use previous Theorem.
1 F(s) 1

- here F(s) = ——
s(s?2+4) s where F/(s) s2+4

Then

1 2 1
= -1 F = — -1 = —gi 2
ft) =L {F(s)} 2£ 1 5 sin t
By Laplace Transform of Integrals Theorem

w(t) = £ {X(s)} = £ {Ff)} :/O f)dt = %/ sin(2t)d = (1~ cos(2)

t
0
7.3 Translation and Partial Fractions

Note List of partial fractions "rules” is on p. 458 - 459 in textbook.

Theorem (Translation in s)
If F(s) = L{f(t)} exists for s > ¢, then £ {e* f(t)} exists for s > a + c and L {e® f(t)} = F(s — a).
Equivalently, L~ {F(s —a)} = e f(t)

Proof Since F'(s) exists for s > ¢

o0
/ e St f(t)dt converges for s > ¢
0

Replacing s by s — a

oo
/ e—(s_a)tf(t)dt converges for s —a > ¢
0

oo
= / e_Steatf(t)dt COnVerges fOr sTa=c
0

L{e*f(t)}
Thus F(s —a) = L{e®f(t)} for s > a + c.

Immediate consequence

at _ S—a at _: _
E{e COS(kt)}—m,s>a E{e Sln(kt)}—m,8>a
|
r {6attn} = %7 s>a n is postive integer
s—a)”

Example Solve the IVP 2" + 22/ + 52 = et z(0)=0,2'(0) =1

Solution Let X(s) = £ {z(t)}. Take Laplace Transform of DE.

1
s—1

52X (s) — sx(0) — 2/(0) + 2[s X (s) — 2(0)] + 5X(s) =

1
(82 + 25+ 5)[X(s)] = o +1 using ICs
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1 1
(s —1)(s2+2s+5) +82+2s+5

X(s) =

Using Partial Fractions on first term

1 A Bs+C
(s =1)(s? +25+5) 5_1+82+2S+5 = /8, /8,C 3/8

X(s)zl 1 71 s+3 + 1
8s—1 8s52425+5 s2425+5
1 1 1 s 1 5
851 B[s+02+4 TR[r1Zrq
111 s+l 3 2
T8s—1 B[s+12+4 TR[r1Z14

Take the inverse transform
1 1 1 s+1 3 92 1 1 3
=gt g ekl VBl 2 N L L o Betsingar
x(t) 8 {8—1} 8 {[(3+1)2+4}}+8 G+ 17+ 4 86 86 cos( )—|—8e sin(2t)

7.4 Derivatives, Integrals and Products of Laplace Transforms

Theorem (Differentiation of Laplace Transforms)
Suppose that f(t) satisfies the conditions of the Existence Theorem and £ {f(t)} = F(s) for s > ¢. Then

ﬁ{—tf(t)}:% for s > ¢

Equivalently,
_ 1, . (dF
LOAFG) ==L {d}

Examples Find £ {tsin(kt)}

Solution L {sinkt} = MLW = F(s) fors>0.

Apply Theorem:

. dF 2ks
ﬁ{tslnkt} = _g = m

Application Forced, undamped mass-spring system.

x(t): position of object at time t. wg = %

Fi
2+ wiz = =2 coswot, z(0) =2'(0) =0
m

Apply the Laplace Transform to the DE (L{z(t)} = X(9))

Fi s
2 2 _ 1o
(8" +wp)X(s) = mE Wl
LR

BRTIEET

Take inverse transform:

F
z(t) = zm(;otsin(wot)
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Corollary L{t"f(t)} = (-1)" ‘g;F for s > c.

Theorem (Integration of Laplace Transforms)
Suppose f(t) satisfies the conditions of the Existence theorem with L{f(t)} = F(s) for s > ¢, and
@

lim —~% exists. Then
t—oo ¢

c{ff)} :/:OF(U)da for s > ¢

Equivalently

F(#) = L {F(s)} = 1L~ { / h F(a)da}

2
Example Find £} {(52—51)2}

Solution We’ll apply the previous theorem. Let F(s) = (522%1)2

Consider

b b
2 1 1 1
lim [ F(o)do = lim | ——2—do = lim [52—1 - b2_1] = 5

b—oo [ b—oo Jg (0’2 — 1)2 b—o0
2 <2 1 .
ﬁl{(SQ_Sl)Q}tﬁl {/; (0_2_0—1)2d0}t£1{82_1}tslnh(t)
7.4.1 Products of Laplace Transforms

Consider the IVP 2" + z = g(t), z(0) =2'(0) =0
Suppose L.T. of g(t) exists, L{g(t)} = G(s)
Let £{z(t)} = X(s) and apply L.T. to DE. LAz"}+ L{z} = L{g(t)}

(s +1)X(s) =G(s) = X(s) =

Note that £~1 {ﬁ} =sint

Might be useful to have a way to represent £~ {X(s)} in terms of £~} {5211} and L7 {G(s)}.

Definition The convolution of the piecewise continuous functions f and g is defined for > 0 by

t
f®) +9(6) = (7290 = [ F(oglt Dz
0
Exercise: show fxg=gx* f.
Theorem (Convolution)
Suppose that f(t) and g(t) satisfy the conditions of the L.T. Existence Theorem and £ {f(t)} = F(s) and
L{g(t)} = G(s) for s > ¢. Then for s > ¢

L{F@)+g()} = L{fO} L{g(1)} and  L7TH{F(5)G(s)} = f(t) = g(1)
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Proof See text O

Back to the example " + x = g(t), 2(0) = 2/(0) =0

X(s) = 57 GE), L{al)} = X(s), £{9(0)} = Gls), £{sin()} =

Solution of IVP: 2(t) = L™ {X(s)} = /t sin(T)g(t — t)dt = sin(t) * g(t)

0
gives a representation of the solution for any g(t) which satisfies conditions of L.T. existence theorem.

1
32

Suppose g(t) = t, L{g(t)}
Solution:

2(t) = /0 n(0)(t - )t = ¢ /O ' in(t)dt /O ' tsin(t)dt = fsin(t)

7.5 Piecewise Continuous Input Functions

Recall unit step function (Heaviside step function) at a > 0.

0, t<a
1, t>a

ug(t) = u(t —a) = {

To find £ {u(t — a)} use the definition

b b —stb —as —bs —as
lim u(t — a)e *'dt = lim e *'dt = lim {e } = lim [e - C ] = ¢ for s >0

b—o0 J b—oo b—oo | —S8 b—oo

a a

Can use u(t — a) to represent piecewise defined functions.

Examples

0, t—a
LLa<cf(t)=ult—a)—ult—c)=11, a<t<c

0, t>c

1%
1 O © .

a c

0, t<1

2. ft)=(t—1D%u(t—1)= {

(t—1)% t>1

Theorem (Translation in ¢)
Suppose f(t) satisfies the conditions of the L.T existence theorem and L {f(t)} = F(s) exists for s > ¢,
then

LA{u(t—a)f(t—a)} =e *F(s) for s > ¢ !

L7 {e " F(s)} = u(t—a)f(t —a)

Iwhere textbook is incorrect
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Proof Consider
b b
lim / e Stu(t —a)f(t —a)dt = blim e St f(t —a)dt Let v=1t—a,dv=dt
0

b—oo —o0 J,

b—a
lim e =30t £ (v) dv

b—oo Jg

b—a
e ¢ [lim / e f(v) dv] =e *F(s) for s > ¢
b—oo J

lim be‘“f(t)dtzﬁ{f(t)} s>c O

b—oco

Alternate form: L{u(t —a)g(t)} = e *“L{g(t+ a)}

0, t<2

E le Find £{g(t)} wh t) = .
xample Find £ {g(¢)} where g(¢) {tQ, >0

Here g(t) = u(t — 2)t>
L{gt)} =L{tPu(t—2)} =e >*L{(t+2)*} using alternate form of Theorem

=e PL{t? +4t+4}
=e 2 (L{?} +4L{t} +4L{1})

1 4 4
=e®=+5+-], s>0
3 s2 s

Example Solve the IVP " +dx =u(t—1), xz(0) =2'(0)=0

Solution Let X(s) = L{z(t)}. Take L.T. of DE

L{a"} +4L{x} = L{u(t — 1)} = (s> +4)X(s) = es — X (s) = ﬁ
We saw before £ {m} = 1(1 — cos(2t))
Apply the previous theorem with a =1, F(s) = ﬁ Thus
a1 —s _ B _ . } _ _ _ . 0, t<1
z(t) =L {e T F(s)} =u(t—1)f(t—1) = 4u(t 1)(1 —cos[2(t—1)]) = {i(l Ccos2(t— 1)), 131

x(t)

/\/.

1 t

7.6 Applications: Models with discontinuous forcing

e Systems with an on/off switch

— circuits

— forced mass/spring system
e Growth of population with harvesting (fishing, hunting)

— typically harvesting only allowed during limited time hunting season.



CHAPTER 7. LAPLACE TRANSFORMS 81

Example Consider an object of mass 1kg attached to a spring with spring constant 4 N/m. There is
no damping but the object is attached to a motor that provides a force F'(t) = cos(2t) N. If the object
is at rest in its equilibrium position, when the motor is turned on for 2wseconds, find the position of the
object as a function of time.

Solution

e x - position of the object (metres)

e { - time (seconds) ¢ = 0 when motor is turned on.

e Model form Newton’s 28 law: ma” + kx = F(t)

Here m (mass) =1 kg, k = 4N/m (spring constant)

= cos(2t) [u(t) —u(t — 2m)] = cos(2t) u(t) — cos(2(t — 27)) u(t — 2m)

F(t) = cos(2t) 0<t<2m
0 t>2m

Model: a” + 4z = cos(2t) u(t) — cos(2(t — 27m)) u(t — 27w), «(0) =2'(0) =0
Let X(s) = L{x(t)}. Take Laplace Transform of DE using Derivative Theorem and initial conditions

s2X () 4+ 4X (s) = L {cos(2t) u(t)} — L {cos(2(t — 2m)) u(t — 27)}
Shift in t: L{f(t —a)u(t —a)} =e “L{f(t)}.

s e—27rss

(s> +4)X(s) = L{cos(2t)} — e ?™* L {cos(2t)} = i

s s
X — _ ,—27s
(5) (52 +4)2 ¢ (52 4 4)2
. . 2ks
Recall from previous lecture: £ {tsin(kt)} = 1
_ p—1 _ p—1 S -1 —27s S
z(t) =L {X(s)} =L {(32 +4)2} L {e [EEwp }
= it sin 2t — %(t —2m)sin(2(t — 27))u(t — 2m)

1 1
= it sin 2t — i(t —27) sin(2)u(t — 27)

1 . o,
=1 sin(2t)(1 — u(t — 2m)) + 5 sin(2t)u(t — 2m)

%sin?t 0<t<2r
%sin?t t> 27
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